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1. Introduction
While first considered as an indicator of the incompleteness of quantum physics [1],
entanglement [2] is today understood as one of the quantum world’s most important
and glaring properties. It contradicts the intuitive assumption that any physical object
has distinctive individual properties that completely define it as an independent entity
and that the result of measurement outcomes on one system are independent of any
operations performed on another space-like separate system, an attitude also known
as local realism.
Thereby it poses important epistemological questions [3]. Since an experimental
test of the scenario suggested in [1] to prove that incompleteness was long considered
unfeasible, the interest in entanglement was long rather restricted to the philosophical
domain. Not less than 30 years after the formulation of the Einstein Podolsky Rosen
(EPR) paradox [1, 4], a proposal for the direct, experimental violation of local realism,
paraphrased in terms of a simple inequality, re-anchored the discussion on physical
grounds. The Bell inequality [5, 6], which sets strict thresholds on classical correlations
of measurement results, was then proven to be violated in experiments which employed
entangled states of photons. Stronger correlations than permitted by local realism were
thus testified [7, 8, 9, 10, 11].
Possible technological applications have triggered enormous interest in quantum
correlations. With the discovery of Shor’s factoring algorithm [12], which relies on
entanglement, quantum correlations became a topic of the information sciences, since
they hold the potential to very considerably speed up quantum computers with respect
to classical supercomputing facilities [13] and may thus jeopardize classical data
encryption. Also other quantum technologies such as quantum imaging [14], certain
key-distribution schemes in quantum cryptography [15] or quantum teleportation [16]
rely on entanglement. Extensive research activity in these diverse areas by now led to
considerable progress in our understanding of quantum correlations when associated
with engineered systems with well-defined substructures.
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More recently, the theory of entanglement has penetrated into other fields of
physics, to gain a fresh perspective on naturally occurring, often, rather complex
systems, and to understand the role of quantum correlations for their spectral and
dynamical properties, or for their functionality, even in biological structures [17, 18,
19, 20, 21]. It was shown, e.g., that entanglement yields a versatile characterization of
quantum phase transitions in many-body systems [22, 23, 24, 25, 26], and that simple
concepts like the area law are indicative of an efficient numerical treatment of certain
types of many-particle systems [27].
In atomic and molecular physics experimental progress nowadays permits the
detailed analysis and control of various coherent phenomena in few-body dynamics
where entanglement is once again a potentially very useful tool. For example, it was
recently proposed to solve the long-standing problem of a core vacancy (de)localization
during a molecular ionization process by analyzing the entanglement between the
photo- and Auger electrons born in such process [28].
The physical objects encountered in these latter fields are, however, much more
difficult to control and to describe than the designed and engineered systems familiar
from quantum information science. Atoms and molecules do not naturally exhibit
definite and clear entanglement properties, nor well-separated entities such as photons
in different optical modes [29, 30] or strongly repelling ions in radio frequency traps
[31] do: The identification of subsystems which can carry entanglement therefore
becomes a non-trivial question, possibly complicated by the indistinguishability of
particles, and typical Hilbert space dimensions tend to be rather large. Additionally,
the interaction between system constituents is typically of long-range type, thus
rendering entanglement a dynamical quantity, difficult to grasp, and without any
unambiguous straightforward definition. Moreover, it remains to be clearly defined to
which extent phenomena like macroscopic quantum superpositions imply the existence
of entanglement [32, 33], and vice-versa. This defines a challenging task for conceptual
research in quantum information theory, which ought to respond to novel experimental
challenges.
The scope of the present Topical Review is threefold: First, we will present an
overview over the different facets entanglement can have, together with a conceptual
framework which permits to compare the entanglement properties of distinct physical
systems. Second, we will illustrate these theoretical concepts with specific examples
from experiments. Finally, we will discuss recent experimental and theoretical
developments, in areas where entanglement receives attention only very recently.
In order to keep the presentation most intuitive, we will focus on specific physical
realizations of entanglement rather than on abstract mathematical properties, thus
always stressing the physical impact of entanglement on measurement results.
To avoid redundancies with earlier reviews, we will not cover studies of
entanglement in established fields, but refer the interested reader to [34, 35], where
the mathematical and quantum-information aspects of entanglement are reviewed
extensively. More specialized reviews focus on the specific properties of multipartite
entanglement [36], on the entanglement in continuous-variable systems [37, 38], and on
the interconnection between entanglement and violations of local realism [39, 40]. An
introduction to the quantification of entanglement, i.e. on entanglement measures, can
be found in [41], an overview on approximations to such measures of entanglement,
especially on efficient lower bounds, together with applications to general scenarios of
open system entanglement dynamics, is given in [42]. Applications of entanglement to
the simulation of many-body-systems are reviewed in [22, 43], focus on area laws can be
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found in [27]. The relevance of entanglement for decoherence theory is touched upon
in [44, 45], entanglement in trapped ion systems is discussed in [46], and entanglement
between electronic spins in solid-state devices in [47].
The text is organized as follows: In the next Section, we introduce fundamental
notions of entanglement and related concepts, such as to define a common language for
the subsequent Sections. In Section 3, we discuss the different possibilities to subdivide
physical systems into subunits, and the influence of the specific choice of the partition
on the resulting entanglement. Contact is made to state-of-the-art quantum optics
experiments, for illustration. Finally, in Section 4, we move on to theoretical and
experimental studies of quantum correlations in atomic and molecular physics which
bear virtually all of the aforementioned complications. We conclude with an outlook
on possible future directions for studies of atomic, molecular and biological systems
from a quantum-information perspective.
2. Subsystem structures and entanglement quantifiers
Let us now shortly recollect the required basic notions of entanglement. Since several
reviews and introductory articles are available [34, 41, 42], we introduce only those
concepts necessary for the understanding of the subsequent Sections, to make this
review self-containted. In particular, we define the different entanglement measures
employed in atomic and molecular physics. We also explicitly discuss the requirements
on the subsystem-structure, which are usually implicitly assumed. This is necessary to
establish a general formalism that will allow us to classify the many diverse approaches
to entanglement in different systems.
2.1. Quantum and classical correlations
The central property that attracts broad attention are the “nonclassical” correlations
of measurement results on different subsystems of an entangled state [1]. The
situation is easiest illustrated by a two-body system with two spatially well-separated
subsystems. The Hilbert space H of the two-body system then naturally decomposes
into a tensor product H1 ⊗ H2 of the two Hilbert-spaces H1 and H2 of the two
subsystems, which we both assume to be of dimension d.
Now, consider the following exemplary bipartite state:
|Ψ〉 = 1√
d
d∑
j=1
|j〉 ⊗ |j〉 . (1)
A projective measurement in the (orthonormal) basis {|j〉}, performed on the first
subsystem, has completely unpredictable results: each of the possible outcomes will
occur with the same probability 1/d. The same is true for the analogous measurement
on the second subsystem. Yet, the measurement results on both subsystems are
perfectly correlated: once a measurement result – say j = j0 – is obtained on one
subsystem, the two-body state is projected on the state |j0〉⊗|j0〉, so that a subsequent
measurement on the other subsystem will yield the result j0 with certainty.
Such correlations of measurement results might seem surprising. They could,
however, be explained rather simply: Think, for example, of an experiment in which
both subsystems are always prepared in the same (random) state |j〉. In subsequent
runs of the experiment (which are required to obtain reliable measurement statistics)
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the choice of j is completely random. The experimentalist thus creates a mixed state
ρ =
1
d
d∑
j=1
|ψj〉 〈ψj | , with |ψj〉 = |j〉 ⊗ |j〉 . (2)
This mixed state gives rise to exactly the same correlations of measurement results as
found for our initial example (1) above. In fact, one does not even need a quantum
mechanical system to observe such correlations – also colored socks [48] or marbles
will do.
The situation changes completely, however, if a measurement in a second, distinct
orthonormal basis set {|αj〉} is performed: To be specific, let us assume that this
measurement is performed on the first subsystem. Given the measurement outcome
αp, the two-body state (1) is projected on the state
|αp〉 ⊗
∑
j
〈αp|j〉 |j〉 = |αp〉 ⊗ |α˜p〉 , (3)
that is to say, the second subsystem is left in the state |α˜p〉 =
∑
i〈αp|j〉|j〉. Quite
strikingly, the states |α˜p〉 (p = 1, ..., d) are mutually orthogonal:
〈α˜q|α˜p〉 =
∑
k,j
〈j|αq〉〈j|k〉〈αp|k〉 = 〈αp|αq〉 = δpq . (4)
The outcomes of a subsequent measurement on the second subsystem in the basis |α˜p〉
can therefore be predicted with certainty, although they were completely undetermined
before the prior measurement on the first subsystem. If the same is attempted with
the state (2), the first measurement projects the state on
|αp〉 〈αp| ⊗
 d∑
j=1
|〈αp| j〉|2 |j〉 〈j|
 . (5)
In other words, the second subsystem is left in a mixed state, with incoherently added
components |j〉 〈j|. Unless the basis {|αp〉} coincides with the basis {|j〉}, results of a
projective measurement on this second system component remain uncertain.
In conclusion, a mixed state such as (2) can only explain correlations that are
observed in one specific single-particle basis, whereas the entangled state (1) exhibits
correlations for all possible choices of orthogonal local basis settings. We therefore
see that quantum physics hosts a type of correlations which cannot be classically
described. These correlations are often referred to as quantum correlations and
understood as the ultimate physical manifestation of “entanglement”.
2.2. Separable and entangled states
In order to assign quantum states the label “entanglement” in a systematic fashion,
we first need to define this new quality on a formal level, to subsequently introduce
measures for the amount of entanglement that is carried by a quantum state.
2.2.1. Pure states A bipartite quantum state
|Φ〉 ∈H1 ⊗H2 (6)
is separable if it can be written as a product state, i.e. if one can find single particle
states |φi〉 ∈Hi such that
|Φ〉 = |φ1〉 ⊗ |φ2〉 . (7)
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Separable states are completely determined by the single-particle states |φ1〉 and
|φ2〉, which contain all information on possible measurement outcomes. Unlike the
situation described by (1), a measurement performed on one subsystem has no effect on
the other subsystem, i.e. the subsystems are uncorrelated. Consequently, the reduced
density matrices,
%1 = Tr2 (|Φ〉 〈Φ|) and %2 = Tr1 (|Φ〉 〈Φ|) , (8)
where
Tr1(2)(ρ) =
d∑
j=1
〈χj |1(2) ρ |χj〉1(2) , (9)
denotes the partial trace over the first (second) subsystem, describe pure states, and
%1 = |φ1〉 〈φ1| , %2 = |φ2〉 〈φ2| , (10)
such that the compound state can be written as a tensor product, |Φ〉 〈Φ| = %1 ⊗ %2.
This is equivalent to the statement that the first particle is prepared in |φ1〉, while the
second particle is prepared in |φ2〉, which corresponds to the assignment of a physical
reality, as will be discussed in more detail in Section 3.1.1 below.
A state that is not separable is called entangled. The information carried by
an entangled state |Ψ〉, which cannot be written as tensor product as in (7), is
not completely specified in terms of the states of the subsystems: For the reduced
density matrices, we have Tr%21/2 6= 1, i.e. the subsystems’ states are mixed.
Furthermore, one finds |Ψ〉 〈Ψ| 6= %1⊗%2, i.e. the two-particle state |Ψ〉 contains more
information on measurement outcomes than is contained in the two single-particle
states %1 and %2 together, in contrast to the above separable state (7). Moreover,
distinct entangled states can give rise to the same reduced density matrices: The
states |Φ+〉 = (|1, 1〉+ |0, 0〉) /√2 and |Ψ+〉 = (|0, 1〉+ |1, 0〉) /√2 lead to the same,
maximally mixed, reduced density matrices, %1 = %2 = 12/2, where 1l denotes the
identity in l dimensions. The state |Φ+〉, however, describes a correlated pair, whereas
|Ψ+〉 is anti-correlated.
Formally, the attribute of separability (and, correspondingly, entanglement) boils
down to the question whether the coefficient matrix cj,k in the state representation
|Ψ〉 =
d∑
j,k=1
cj,k |j, k〉 , (11)
admits a product representation, i.e. cj,k = c
(1)
j · c(2)k – in this case, the state is
separable.
2.2.2. Mixed states Separable and entangled states can also be defined for mixed
states of a bipartite quantum system, which have to be described in terms of density
matrices. In this case, the mixedness of the reduced density matrices is not equivalent
to entanglement.
A state that can be expressed as a tensor product of single-body density matrices,
ρp = %1 ⊗ %2 , (12)
bears no correlations between local measurement results at all, and is called a product
state.
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Separable states are defined by sets of single particle states %
(i)
1 and %
(i)
2 of the
first and second subsystem, respectively, and by associated probabilities pi (i.e. pi ≥ 0,
and
∑
i pi = 1), such that [49]
ρs =
∑
i
pi %
(i)
1 ⊗ %(i)2 . (13)
Such separable states imply correlations between measurement results on the different
subsystems, but these correlations can be explained in terms of the probabilities pi,
and, therefore, do not qualify as quantum correlations. The tag entanglement is, thus,
reserved for those states that cannot be described in terms of product states of single-
particle states and of classical probabilities as in (13). They thus need to be described
as
ρent =
∑
j
pj |Ψj〉 〈Ψj | , (14)
where, in any pure-state decomposition of %ent, at least one state |Ψj〉 is entangled.
2.3. Bell inequality violation and nonlocality
So far, we identified the difference between classical and quantum correlations with
the help of the exemplary states given by Eqs. (1) and (2), and we have given formal
definitions for entangled and separable states. On the other hand, we still need to
establish how to unambiguously identify and quantify the exceptional, “non-classical”,
correlations inscribed in (1) in an experimental setting. This is required to provide a
connection to probability theory and to provide a benchmark for the verification of
entanglement in an experiment.
For this purpose, we first need to specify what is understood as “classical” in our
present context. We call a theory “classical” if it is local and realistic. The principle of
locality states that any object is influenced directly only by its immediate surroundings,
and that there can be no signals between space-like separated events. Realism
denotes the assumption that any physical system possesses intrinsic properties, i.e. an
experimentalist who measures the value of an observable merely reads off a predefined
value [1] (as, e.g., for the mixed state (2) that is created by a random, however,
realistic mechanism). That is to say, although one may ignore the value of a certain
observable, each observable still possesses a definite value at any moment. In practice,
“local realism” implies that measurement outcomes at one subsystem are independent
of the measurements performed on the other subsystem, provided both subunits are
spatially separated. Theories that obey local realism can be described by classical
random variables.
A rigorous way to establish a correspondence between “non-classical” correlations
and entanglement is provided by Bell inequalities [5]. These are defined in terms of
correlations between measurement results of different single-partice observables, and
they give threshold values for the correlations to be describable in terms of classical
probability theory. An experimental violation, i.e. any excess beyond the threshold
value, indicates that the corresponding observables cannot be described as classical
random variables. The community jargon also speaks of the unavailability of a “local
realistic description”. A widely used Bell inequality is the one presented by Clauser,
Horne, Shimony and Holt (CHSH) [6]. It is formulated for dichotomic observables
such as polarization, i.e. observables which only take the values +1 and −1, and reads
|〈A1 ·B1〉+ 〈A1 ·B2〉+ 〈A2 ·B1〉 − 〈A2 ·B2〉| ≤ 2, (15)
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where Aj and Bk are different observables acting on the two subsystems. This
inequality is derived under the assumption of local realism, which means that
measurement outcomes at one subsystem are independent of the measurements
performed on the other subsystem, provided both subunits are spatially separated.
In order to violate the inequality, the local observables need to be non-commuting,
[A1, A2] 6= 0 6= [B1, B2]. It is hence necessary to implement a rotation of
the measurement basis to assess such non-commuting observables. This is also
illustrated in the polarization rotation effectuated on the photons in Figure 1: In a
Source
PBS PBS
+1
-1 -1
+1
polA polB
|Ψ+￿ = 1/
√
2 (|H￿ ⊗ |V ￿
+ |V ￿ ⊗ |H￿)
Bˆ1 ↔ Bˆ2Aˆ1 ↔ Aˆ2
Figure 1. Bell-type experiment. A source creates photons in an entangled
state, here the maximally entangled |Ψ+〉 Bell state (19). The polarization of
the photons is rotated at polA and polB, where at least two different settings,
Aˆ1/Aˆ2 and Bˆ1/Bˆ2, are available. The photons then fall onto polarizing beam
splitters (PBS) where horizontally polarized photons are reflected and vertically
polarized ones are transmitted. The subsequent detection of the photons at either
one of the two detectors yields the distinct values ±1.
polarization-entanglement experiment, it is not sufficient to measure the correlations
in a given basis, say the z-basis, but the orientation of the quantization axis needs
to be chosen locally. Similarly, correlations in the position or in the momentum
alone do not rigorously prove that a two-particle state is entangled in the external
degrees of freedom (see also the discussion in Sections 4.2,4.6.2). The difficulty of
the implementation of mutually distinct measurement bases is an impediment for
the direct assessment of the entanglement properties of many naturally occurring,
multicomponent quantum systems such as atoms [50, 51], or biological structures [52].
It is then necessary – and still largely open an issue – to conceive alternative indicators
that distinguish entanglement from classical correlations [53].
For a maximally entangled bipartite qubit (or Bell-) state as defined below in
(19), (20) below, the expectation value of the left hand side of (15) can reach
values up to 2
√
2 ≈ 2.82, for a suitable choice of the measurement settings Aj , Bk.
When such experimental conditions are met, the notion of non-locality as defined
by Bell inequalities is qualitatively in agreement with the definition of separability
and entanglement in Section 2.2 above: A violation of a Bell inequality proves that
the state under consideration is entangled. The reverse is, however, not true: There
are states which are entangled according to Section 2.2, but do not violate any Bell
inequality [54], since a description in terms of classical probabilities is available despite
their non-separbility according to (14) [49]. An example is given by the Werner-state
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ρW(p) [49]. For bipartite qubit systems, it reads
ρW(p) = (1− p) |Ψ−〉 〈Ψ−|+ p
4
14, (16)
where p ∈ [0, 1], i.e. the state is a mixture of the maximally entangled antisymmetric
state |Ψ−〉 given below in (19) and the maximally mixed, fully uncorrelated state
14/4 = 12/2 ⊗ 12/2 (see (12)). The entanglement and the non-local properties of
the state depend on the parameter p: ρW(0) is a pure, maximally entangled state,
which also violates (15) maximally. This violation persists for 0 < p < 1 − 1/√2.
For p ≥ 1 − 1/√2, a local realistic description is available, but the state is still
entangled as long as p < 2/3. In other words, for 1 − 1/√2 < p < 2/3, the state
is entangled according to (14), but it does not violate local realism. This enforced
qualitative distinction between non-locality and entanglement needs to be uphold for
mixed states, whereas for pure bipartite qubit states, any non-product state violates
a Bell inequality [55].
When we conclude from the violation of a Bell inequality that no local realistic
description of a given experiment exists, we rely, among others, on the strong
assumptions that the measurements which are performed on the subsystems are space-
like separated [56], and that possible detector inefficiencies are unbiased with respect to
the measurement outcomes [57, 58]. These requirements represent serious challenges
for experiments, such that tests of Bell inequalities are often plagued by loopholes:
The failure to fulfill the aforementioned assumptions may allow a description of
the experiment outcomes by classical theories, and additional experimental effort is
required to “close the loopholes” [59, 60, 61].
2.4. Entanglement witnesses
Since the above discussion implies that non-locality is a stronger criterion than
entanglement, Bell inequalities are not a universal means to experimentally
detect quantum correlations. A general method to verify entanglement is given
by entanglement witnesses [62, 63], i.e. operators which detect, or “witness”,
entanglement [64, 65]. A hermitian operator Wˆ is an entanglement witness if it fulfills
Tr(ρsWˆ ) ≥ 0, (17)
for all separable states ρs, and
Tr(ρeWˆ ) < 0, (18)
for at least one entangled state ρe.
Consequently, any quantum state ρ for which Tr(ρWˆ ) < 0, i.e. which yields a
negative expectation value of the witness in the experiment, is thereby verified to be
entangled. Witnesses are universal in the sense that one can find a suitable witness for
any entangled state. Bell inequalities can be seen as a specific class of entanglement
witnesses [66], which only detect states that violate local realism. We summarize the
concept of separable and entangled, pure and mixed states in Figure 2.
2.5. Local operations and classical communication
The distinction between separable and entangled states has attracted substantial
interest both from the theoretical [67, 68, 62, 69, 70] and from the experimental
side [71, 72] (see, e.g., [73], for a recent review), but this distinction alone is largely
insufficient to draw a complete picture of the physics of entanglement. The next step
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separable 
states
entangled states 
witnessed by W
entangled states 
not witnessed by W
entangled states
pure states
mixed states
Tr(Wρ) < 0
Tr(Wρ) ≥ 0
Figure 2. Illustration of the structure of the set of density matrices and of the
concept of entanglement witnesses. Pure states lie on the surface of the convex
set of density matrices; all states that are not on the surface are mixed. Separable
states are a subset which is itself convex. The set of entangled states is shaded in
gray, and not convex. In this geometrical picture, an entanglement witness defines
a hyperplane (dotted line): States above that plane are detected to be entangled,
while states below that plane cannot be unambiguously classified by this specific
choice of witness/hyperplane. Adapted from [34].
towards a deeper understanding is the ability to compare the entanglement content of
different states. Given the rather abstract nature of entanglement, it is, however, not
obvious how such comparison should work. By now, some consensus has been reached
in the literature that the concept of local operations and classical communication
(LOCC) provides an appropriate framework [74].
Local operations include all manipulations that are allowed by the laws of quantum
mechanics – including measurements, coherent driving, interactions with auxiliary
degrees of freedom – under the condition that they are restricted to either one of the
individual subsystems. Operations that require an interaction between the subsystems
do not fall into this class, and quantum correlations thus cannot be generated by local
operations. Only classical communication is here admissible to create correlations:
The result of a measurement on one subsystem can be communicated to a receiver
which is ready to execute a local operation on the other subsystem, and this subsequent
operation can be conditioned on the prior measurement result. One can thereby indeed
induce correlations: For example, the exemplary state (2) could have been prepared by
randomly preparing one of the basis states |i〉 of the first subsystem, and subsequent
communication of the choice of i to a receiver which controls the second subsystem.
If this person prepares its subsystem in the same state, then many repetitions of this
procedure yield (2). It is, however, impossible to create an entangled state through
the application of LOCC, starting out from an initially separable state. Therefore, it
is justified to consider a state ρ2 equally or less entangled than a state ρ1, if ρ2 can
be obtained from ρ1 through the application of LOCC.
2.5.1. Maximally entangled states This immediately implies the notion of a
maximally entangled state, from which any other state can be generated through
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LOCC: For bipartite qubit states, the four Bell states
|Ψ±〉 = 1√
2
(|0, 1〉 ± |1, 0〉) , (19)
|Φ±〉 = 1√
2
(|0, 0〉 ± |1, 1〉) , (20)
are maximally entangled, since any bi-qubit state can be realized through LOCC
applied to either one of them [75, 76]. Also on higher dimensional subsystems such
states can be constructed, and, indeed, are precisely of the form (1). The application
of suitable LOCC allows to convert (1) into arbitrary bipartite d-level states.
If, however, the number of system components is increased, the concept of a
maximally entangled state cannot be generalized unambiguously. The most illustrative
example is that of the tripartite Greenberger-Horne-Zeilinger (GHZ) state
|GHZ〉 = 1√
2
(|0, 0, 0〉+ |1, 1, 1〉) , (21)
on the one hand, and of the W-state
|W 〉 = 1√
3
(|0, 0, 1〉+ |0, 1, 0〉+ |1, 0, 0〉) , (22)
on the other. Both states are strongly entangled, and are certainly candidates
to qualify as maximally entangled. Though, neither can a |W 〉 state be obtained
through the application of LOCC on a |GHZ〉 state, nor is the inverse possible [77].
Consequently, since there is no state in a tri-qubit system from which all other states
can be obtained, one has to get acquainted with the idea that there is no unique
maximally entangled state in multi-partite systems, but that there are inequivalent
classes, or families, of entangled states. The classification of these is subject to active
research (see [34] for an overview, and [78, 79, 80, 81] for recent results), and still far
from being accomplished.
2.6. Entanglement quantification
In order to define a measure of entanglement, we need to specify under which
conditions two quantum states can be regarded as equivalent, i.e. when they carry
the same amount of entanglement. This can be certified if the states are related to
each other via invertible LOCC, i.e. via unitary operations that are applied locally
and independently on the subsystems:
|Φ1〉 = Ulocal |Φ2〉 = U1 ⊗ U2 ⊗ . . .⊗ UN |Φ2〉 ,
|Φ2〉 = U†local |Φ1〉 = U†1 ⊗ U†2 ⊗ . . .⊗ U†N |Φ1〉 , (23)
where local unitaries Ulocal = U1 ⊗ U2 ⊗ . . .UN are induced by single-particle
Hamiltonians H1, . . . HN , such that (with the convention ~ = 1)
Ul = U1 ⊗ U2 ⊗ . . .⊗ UN = e−iτ(H1⊗1⊗...⊗1+1⊗H2⊗...⊗1+...) . (24)
This equivalence relation is motivated by the fact that the parties which are in
possession of the subsystems can perform such local invertible operations without
any mutual communication or other infrastructure. Any entanglement quantifier,
therefore, ought to be independent of such local unitaries.
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2.6.1. Entanglement monotones for bipartite pure states In the particular case of
a pure state of a bipartite system, the invariants under local unitaries are precisely
given by the state’s Schmidt coefficients λj , which are the squared weights of the
state’s Schmidt decomposition
|Ψ〉 =
s∑
i=1
√
λi |φ˜1,i〉 ⊗ |φ˜2,i〉 , (25)
with the characteristic trait that one summation index suffices, in contrast to a
representation of |Ψ〉 in arbitrary basis sets on H1 and H2, as in (11). The Schmidt
coefficients coincide with the eigenvalues of the reduced density matrices (8), which can
be deduced from the specific form of (25): The partial trace (9) on either subsystem
directly yields
%1 =
∑
j
λj |φ˜1,j〉 〈φ˜1,j | , and %2 =
∑
j
λj |φ˜2,j〉 〈φ˜2,j | . (26)
Since the states {|φ˜1,j〉} and {|φ˜2,j〉} form orthogonal bases, respectively, they are
indeed the eigenstates of %1 and %2, and the λj are the corresponding eigenvalues.
The λj fully determine the entanglement of |Ψ〉, and functions M(|Ψ〉) of the
λj that are non-increasing under LOCC are called entanglement monotones [82],
which quantify the state’s entanglement. Under some additional requirements [83, 41]
beyond the scope of our present discussion, entanglement monotones are also called
entanglement measures. The following entanglement monotones for bipartite systems
will appear in the course of this review:
• The Schmidt rank s [84], which is the number of non-vanishing Schmidt
coefficients λj in the expansion (25). It ranges from unity (separable) to d. The
matrix rank of the reduced density matrix of either subsystem equals s (see (26)).
• The Schmidt number [50],
K =
1∑s
i=1 λ
2
i
=
1
Tr(%21)
, (27)
which estimates the number of states involved in the Schmidt decomposition. It
can also be seen as the inverse participation ratio, and ranges from unity for
separable states to d, with d the dimension of the subsystems.
• The concurrence [85, 86], defined by
C(|Ψ〉) =
√√√√√ d
d− 1
1− d∑
j=1
λ2j
 , (28)
is directly related to the linear entropy of a probability distribution defined by
the weights λj ,
Slin({λj}) = 1−
d∑
j=1
λ2j . (29)
- The entanglement of formation or entanglement entropy [87], is the von
Neumann-entropy [88] of one of the reduced density matrices %j ,
E(|Ψ〉) = S(%j) = −Tr(%j Log2(%j)), (30)
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which, given the spectral decomposition of %j , boils down to the Shannon entropy
[89] of a probability distribution defined by the Schmidt coefficients λj ,
E(|Ψ〉) = H({λ1 . . . λj}) = −
∑
j
λjLog2(λj). (31)
Since all these quantities are given in terms of the Schmidt coefficients λj , they are
readily evaluated for arbitrary bipartite pure states.
In addition, the Schmidt coefficients allow us to decide whether a state |Φ〉 can be
prepared deterministically from an initially given state |Ψ〉 via LOCC: This is possible
if and only if the Schmidt coefficients of |Φ〉 are majorized by the Schmidt coefficients
of |Ψ〉 [74]. Majorization is defined by
∀k, 1 ≤ k ≤ d :
k∑
j=1
λΦj ≤
k∑
j=1
λΨj , (32)
where the λαj are the entries of the Schmidt vectors
~λα, α = Φ,Ψ, sorted in increasing
order. Consistently with our definition of maximally entangled states (see Section
2.5.1), maximally entangled states as the one given by (1) majorize any other less
entangled state.
2.6.2. Entanglement monotones for mixed states It is more difficult to evaluate
the entanglement content of a mixed state given by its pure state decomposition
ρ =
∑
j pj |Ψj〉 〈Ψj |. Since this decomposition is not unique [90], a simple average
over its pure states’ entanglement M(|Ψj〉), with weights pj , does not provide an
unambiguous result (also see [91, 92, 93]). The problem is cured by taking the infimum
over all pure-state decompositions [94],
M(ρ) = inf{Ψj ,pj}
∑
j
pjM(|Ψj〉), (33)
which, indeed, implies a variation over states |Ψj〉 and weights pj , since the cardinality
of the sum is itself variable. The thus defined mixed state entanglement monotone
guaranties in particular that M(ρ) vanishes on the separable states.
A closed formula is available for the concurrence (28) of a mixed two-qubit system
ρ [95, 85],
C(ρ) = max {0, λ1 − λ2 − λ3 − λ4} , (34)
where the λj are the eigenvalues of the matrix
R =
√√
ρ(σy ⊗ σy)ρ?(σy ⊗ σy)√ρ , (35)
in decreasing order. In practice, the optimization problem implicit in (33) renders its
quantitative evaluation a challenging task for larger systems, beyond two qubits, and
there is only limited insight and literature on approximations and rigorous bounds
[96, 97, 42, 98, 73, 99, 100].
For systems with more than two subunits, no straightforward generalization of the
Schmidt decomposition is available. Other concepts of entanglement measures have
thus been designed, which can be generalized to such multipartite states, i.e. states
with more than two subsystems. One example is the distance to the set of separable
states [35],
ED(ρ) = minσ∈SD(ρ, σ), (36)
CONTENTS 15
where D(ρ, σ) is a distance measure between two states [101], and the minimum is
taken over all states σ within the set of separable states S. This quantity possesses a
straightforward geometrical interpretation, illustrated in Figure 3. The evaluation of
separable 
states
entangled states
ρ
metric distance 
measure   
S
ED(ρ)
σ ∈ S
Figure 3. Illustration of the concept of the metric distance entanglement measure
ED, defined in (36): The separable state σ is chosen such that the metric distance
to the entangled state of interest is minimal.
this and any other multipartite measure for mixed, multipartite states is, in general,
computationally demanding, due to the reasons described above.
2.7. Modeling physical systems
2.7.1. Subsystem structures In the modeling of entanglement inscribed into real
physical systems, it is natural to ask how to partition the Hilbert space, i.e. how
to choose the subsystem structure on which entanglement is defined. This choice
can be largely variable [102]: Consider, e.g., a 16-dimensional space, H = C16.
This can be seen as the tensor product of four Hilbert spaces that represent a two-
level system each (16 = 24,C16 = C2 ⊗ C2 ⊗ C2 ⊗ C2, Figure 4a), or as the
tensor product of two Hilbert spaces that each represent a particle with four discrete
eigenstates (16 = 42,C16 = C4 ⊗ C4, see Figure 4b), or as one, indivisible, Hilbert
space of dimension 16 (Figure 4c). The specific physical situation is then clearly
distinct, as evident from the illustrations. In general, a natural partition is induced
by the definition of the system degrees of freedom: A 16-dimensional Hilbert space is
spanned by two four-level atoms, a four-ion quantum register where each ion bears two
computational levels, or, e.g., by a quantized single mode resonator field populated
by maximally 15 photons.
The very definition of the system degrees of freedom thus also affects the expected
entanglement between them. Consider, e.g., the hydrogen atom, as an example for
a continuous variable system with infinite-dimensional subsystem dimension: When
partitioned into center-of-mass degree of freedom and relative coordinates, both
degrees of freedom separate completely, and no entanglement is exhibited. In contrast,
if we choose the partition into electron- and proton-coordinate, the subunits remain
coupled, and exhibit non-vanishing entanglement [103]. Very distinct entanglement
properties can thus be ascribed to the same physical system [104, 105, 102, 106] –
according to the choice of the system partition. As long as the partition is itself
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|Ψ￿ ∈H = 16
|Ψ￿ ∈H = 4 ⊗ 4
|Ψ￿ ∈H = 2 ⊗ 2 ⊗ 2 ⊗ 2
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⊗
Figure 4. Illustration of possible subsystem-structures of H = C16.
invariant under the system dynamics, it can be defined a priori once and forever,
while the situation may turn more complicated if this condition is not fulfilled – e.g.
for identical particles that are scattered by a beam splitter (see Section 3.4.1), or in
electrons bound by atoms (see Section 4.5)).
2.7.2. Superselection rules Even when given a fixed subsystem structure, constraints
are possible on realizable operations and measurements on the system, which also
restrict the verifiable or exploitable entanglement. The impossibility to measure
coherent superpositions of eigenstates of certain operators, either due to fundamental
reasons like, e.g., charge conservation, or as a consequence of the lack of a shared
reference frame that prevents the experimentalists to gauge their measurement
instruments, is described by the formulation of superselection rules (SSR) [107, 108,
109]. Such rules strongly restrict the nature and outcome of possible measurements. In
contrast to selection rules which give statements on the system evolution generated by
some Hamilton with certain symmetries, SSRs postulate a much more strict behavior.
Two states |Ψ1〉 and |Ψ2〉 are said to be separated by a SSR if for any physically
realizable observable A (and not just for a specific Hamiltonian),
〈Ψ1|A |Ψ2〉 = 0. (37)
It is important to note that SSR are not equivalent to conservation laws and also do
not restrict the accessible states of a system. Instead, a SSR is a postulated statement
on the physical realizability of operators [110]. For example, the direct implementation
of an operator which projects on a coherent superposition of an electron and a proton
is impossible.
When a SSR applies, the executable operations and measurements are restricted,
and the entanglement of a system possibly cannot be fully accessed. Entanglement
constrained by SSR is indeed bounded from above by the entanglement evaluated
according to the rules of the above sections [110, 111, 112]. A SSR that prevents a
local basis rotation, e.g., may enforce that the entanglement which is formally present
CONTENTS 17
in a state effectively reduces to a classical correlation. Suppose two parties share the
state (|e, p〉+ |p, e〉) /√2 where |e〉 and |p〉 indicate the wave-function of an electron
and a proton, respectively. While this state is formally entangled, it is effectively
impossible to measure a coherent superposition of an electron and a proton. Hence,
measurements in other bases, e.g. in the basis (|e〉 ± |p〉) /√2, are unfeasible, and no
quantum correlations can be verified. Consequently, the very classification of pure
entangled states becomes more complex due to the impossibility of performing certain
measurements [113].
Effective SSR do not only appear due to fundamental conservation rules, but also
when two parties in possession of a compound quantum state do not share a perfect
reference frame [109, 114], i.e. a convention on time, phase, and spatial directions. This
connection between SSRs and reference frames can be seen in the following example:
Suppose one party, A, prepares a quantum state ρ and sends it to another party, B.
The reference frames of A and B are related to each other by a transformation T (g),
where g is an element of the transformation group, and T (g) is its unitary realization.
If, however, B does not know the relative orientation of the individual reference frames,
the state B will effectively have access to is the one send by A, but averaged over all
possible transformations. Such effectively accessible quantum state for B reads
ρ¯ =
∫
dg T (g)ρT−1(g) ≡ G[ρ], (38)
where the integral is taken over all elements of the group, and G is baptized the
twirling operation [109]. In general, G is not injective,‡ hence the accessible space
becomes smaller under the twirling operation. Only quantum states that are fully
invariant under arbitrary transformations, i.e. states ρ with [ρ, T (g)] = 0 for any
g, can be distinguishable building blocks, and only operations that commute with
all transformations g can be reliably performed on the subsystems [110]. The
transformation group can, e.g., represent spatial rotations and generate invariance
under O(3), as illustrated in Figure 5: If party A sends a particle in the spin-up state,
|↑〉, to party B, the latter has access to this pure state only when A and B share a
convention regarding the spatial quantization axis, i.e. the axis in space with respect
to which the state has been prepared. Without such convention, B will observe a fully
mixed state and cannot extract any information. In this case, B cannot distinguish any
single-particle state by its spin, because all are equivalent to the completely unbiased
mixture G[|↑〉] = 12/2.
On the other hand, given a fundamental SSR generated by a compact group,§
like the very U(1) group which describes charge conservation [115], the possibility
to access a shared reference frame in which the underlying symmetry is broken can
actually enable the preparation and measurement of superposition states [109], and
thereby to circumvent the SSR. The indirect observation of such coherences may be
possible with the help of ancilla‖ particles which interact with the system and thereby
provide such symmetry breaking [116].
The problem of entanglement constrained by SSR will turn saliant in Section
3.5, where we will discuss in more detail the problem of assigning entanglement to
‡ In other words, G does not preserve distinctness: There can be two distinct states ρ1 6= ρ2 for
which G[ρ1] = G[ρ2].
§ In other words, a group whose elements are elements of a compact set, in contrast to, e.g. the
Lorentz or the Poincare´ group.
‖ Ancillae denote particles which help to perform certain tasks or operations, inspired by the latin
translation of “maiden”. Often, they fall in oblivion when the desired final state is obtained.
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Figure 5. Transmission of the quantum state |↑〉 between two parties which share
a spatial reference frame (upper panel), or do not (lower panel). The party B has
access only to an unbiased mixture when no such convention is available.
mode-entangled states, i.e. states in which the local particle number is not fixed.
3. Subunits and degrees of freedom
In the last chapter, we discussed entanglement as a property of a compound system
that characterizes correlations between the system’s subunits, which, from now on,
will also be called entities. In general, certain degrees of freedom of these subunits
can be quantum-mechanically correlated, i.e. entangled, to those of other entities,
and the tensorial Hilbert space structure directly reflects this, possibly hierarchical,
subsystem structure.
For identical particles, however, the invariance of all physical observables with
respect to the exchange of any two particles and the (anti)symmetry of the (fermionic)
bosonic multiparticle wave-function lead to a new conceptual challenge, and to the
failure of the above strategy. The strong constraints on allowed states and on possible
measurements imply that direct access to the “first” or “second” particle is not
possible when dealing with identical particles, since particle labels are no physical
degrees of freedom. Therefore, the identification of Hilbert spaces with subsystems,
which we explicitly assumed in Section 2.2, fails when dealing with identical particles,
and a different formalism is required to characterize the subunits between which
entanglement is considered. As we will see below, upon closer inspection of several,
partially irreconcilable entanglement concepts [117, 118, 119, 120, 121], the debate on
what is the proper formalism is still not completely settled in the literature.
In order to find a suitable concept for the entanglement of identical particles, we
start with the conceptually simpler case of non-identical or effectively non-identical
particles. Once we will have established the physical ingredients of entanglement, and
after relating these to the formal definitions introduced in Section 2, we will proceed
towards more elaborate subsystem structures with identical particles involved. Finally,
we give an overview of the diverse degrees of freedom that can exhibit entanglement
in a real experimental setting.
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3.1. Non-identical particles
We first shortly revisit the entanglement of distinguishable particles in order to
establish the physical meaning of entanglement and of separability in the spirit of
the original EPR approach [1]. We will thus establish the terminology which we also
need for a rigorous definition of the entanglement of identical particles. We aim at an
approach which allows for a continuous transition from the entanglement properties
of indistinguishable to those of distinguishable particles (as quantified in Section 2.5),
e.g. under a dynamical evolution which transforms the system constituents from an
initially indistinguishable to a finally distinguishable state (as possibly induced, e.g.,
by an atomic or molecular fragmentation process).
In the case of non-identical particles, the entities that carry entanglement are well
defined: They correspond to the very particles, which exhibit some properties such
as rest mass or charge, which allows to distinguish them without ambiguity. Other
degrees of freedom of these particles that can be coherently superposed then eventually
give rise to the particles’ entanglement. In this situation, we can directly associate
Hilbert space H1 with the Hilbert space of the first particle, and Hilbert space H2
with that of the second. Vectors in these Hilbert spaces directly describe the state
of the dynamical degree of freedom, such as spin or momentum, for the respective
particle.
3.1.1. Entanglement and subsystem properties according to the EPR approach A
quantum state is not entangled [1] if we can assign a complete set of properties to each
individual subsystem [122], i.e. if we can design a projective measurement on each
subsystem with an outcome that can be predicted with certainty. In other words,
there exists an observable such that its measurement on the given non-entangled
state reveals the “pre-existing” system values, which we intuitively ascribe to it, as in
classical mechanics. In the jargon, this is equivalent to finding a realistic description
of the system’s constituents [1].
Specifically, for a pure state |Ψ〉 which describes a composite two-particle system,
the subsystem S1 is non-entangled with the subsystem S2 if there exists a one-
dimensional projection operator P (with eigenvalue 1, by definition) such that
〈Ψ|P ⊗ 1 |Ψ〉 = 1, (39)
where P acts on the Hilbert space of the first particle, and the identity 1 on the
second particle [122]. In this case, we can assert that the first subsystem possesses the
physical properties defined by the operator P . The outcome of the measurement of P
is not subject to any uncertainty, the first subsystem was necessarily prepared in the
unique eigenstate of P .
This notion of “possession of a complete set of properties” is fully equivalent to
the notion of separability that we fixed in (7): The properties of any separable state
are naturally given by projections on the quantum states of its constituent particles; as
soon as a state requires more than one product state for its representation (and thus
is an entangled state), such well-defined constituent properties cannot be identified
anymore.
Besides separability, we can also define partial and total entanglement in the
above framework [122]. For example, the state
1√
2
(|↑〉1 |↓〉2 + |↓〉1 |↑〉2) |L〉1 |R〉2 , (40)
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where |↑〉 , |↓〉 denote internal degrees of freedom, while |L〉 and |R〉 denote orthogonal
spatial wave-functions, is partially entangled: Whereas system 1 possesses properties
associated with it being prepared in the |L〉 state, we cannot specify all of its properties,
since the particles’ internal degrees of freedom remain fully correlated and locally
unknown. This corresponds to the situation in most experiments: Particles do possess
properties by which they can be distinguished – e.g., their position – while their
entanglement manifests in some other degree of freedom. In such a situation, the
“labeling” degree of freedom (position |L〉 or |R〉 in (40)) can be simply dropped, and
the entangled states, e.g., of a photon’s polarization and of the electronic degree of
freedom of an atom, lives in the two-particle Hilbert-space
|Ψ〉 ∈ C21 ⊗C22. (41)
Each factor C2 in (41) describes the two-dimensional state-space of a polarized photon
or of a two-level atom. This is the typical structure of a two-qubit state so frequently
encountered in the quantum information context.
3.2. Creation and dynamics of entanglement
3.2.1. Interaction and entanglement For distinguishable particles, the strict rule that
“Only interaction between particles¶ can lead to an entangled state.”
can be formulated, in contrast to indistinguishable particles, as we will see in Section
3.4. Distinguishable particles, even if prepared in a pure separable state, will be
entangled for almost all times [123], if the unitary evolution which describes their
common evolution contains parts which do not factorize as in (24), i.e. if the
Hamiltonian contains an interaction part. Given a many-particle Hamiltonian, one
can deduce from its interaction part which degrees of freedom will be entangled. A
Hamiltonian which only couples external degrees of freedom will, e.g., not induce any
entanglement in the particles’ spin.
In every many-particle bound state such as that of a simple hydrogen atom, the
constituents are necessarily entangled in their external degrees of freedom [103]: The
binding potential contains the operator ~r1−~r2, i.e. it couples the position operators of
the constituents (proton and electron, for the hydrogen atom). Inclusion of the spin-
orbit interaction additionally induces entanglement between the external degrees of
freedom and the spin, as we will discuss in more detail in Section 4.5.5. The analogous
reasoning applies for unbound systems: In the course of a scattering process, particles
naturally entangle under the specified interaction [124].
We retain the intuitive picture that, for distinguishable particles, entanglement
is a direct consequence of interaction.
3.2.2. Open system entanglement If a quantum system is closed, i.e. if it is decoupled
from uncontrolled degrees of freedom lumped together under the term “environment”,
all entanglement properties are encoded in the Hamiltonian and in its eigenstates, or
in the dynamical evolution it generates.
The time evolution of entanglement under such strictly Hamiltonian dynamics
can then be evaluated by application of pure state entanglement measures on the time
dependent state vector |Ψ(t)〉. Purely Hamiltonian evolution is, however, untypical for
¶ The interaction can be direct or through an intermediate, ancilla degree of freedom (see footnote
on p. 17 above).
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experiments, where the environment cannot be screened away completely. Therefore,
decoherence, i.e. the gradual loss of the off-diagonal entries of the density matrix [125],
makes entanglement to fade away and limits its possible harvesting.
To account for such – detrimental – environmental influence, one can evaluate
mixed state entanglement measures as defined in (33) on the system density matrix
ρ(t), for all t. However, this quickly turns into a tedious, if not unfeasible
task with increasing system size, due to the optimization problem implied by
(33). Efficiently evaluable lower bounds of entanglement alleviate the computational
challenge [79, 42, 96, 97], though cannot fully compensate the unfavorable scaling of
optimization space with system size.
Alternative approaches try to circumvent this problem by incorporating the
specific type of environment coupling into the analysis, to extract the entanglement
evolution of representative “benchmark” states [126, 127, 128, 129, 130, 131]. The
very knowledge of the source of decoherence effectively reduces the complexity of
the problem (however, it remains to be quantified to which extent). For the
simplest scenario of open system entanglement evolution, a qubit pair with only one
qubit coupled to the environment, even an exact entanglement evolution equation is
available: Given the pure two-qubit’s initial state |χ〉, and the completely positive
map+ $ [125] that one qubit is exposed to, the system’s final state reads
ρ′ = (1⊗ $) |χ〉 〈χ| . (42)
The entanglement of the evolved quantum state ρ′, quantified by the concurrence (as
defined in (28)), is then given by the entanglement evolution equation [126]
C [(1⊗ $) |χ〉 〈χ|] = C(|χ〉)C [(1⊗ $) |Φ〉 〈Φ|] , (43)
where |Φ〉 is the (maximally entangled, see (19,20)) benchmark state, and |χ〉 an
arbitrary initial state. The entanglement evolution of |χ〉 thus factorizes into a
contribution given by the benchmark state’s entanglement upon the action of the map
$, and a second term given by the initial state’s concurrence C(|χ〉). This result can
be generalized for bipartite systems with d dimensional subspaces [127], with C in (43)
replaced by G-concurrence Gd(ρ) [132]. The measure Gd(ρ) quantifies entanglement of
rank d states, i.e. of states that are obtained as a coherent superposition that exhausts
all basis states. Whenever the Schmidt rank (see Section 2.6) of the evolved state drops
below d, Gd drops to 0, while lower-ranked entanglement may still be present in the
system. For k < d, upper bounds for Gk and thereby clear disentanglement criteria
can be derived within the same formalism. Since the evolution of the quantum state
is continuous, it is, however, guaranteed that any state with initially non-vanishing
Gd will remain Gd-entangled at least for short times.
3.2.3. Entanglement statistics Given the difficulty to characterize the open system
entanglement evolution for individual initial states, because of the exponential scaling
of state space with system size, it is suggestive to employ statistical tools. It can then
be shown, under rather general assumptions on the open system dynamics described
by some time-dependent map Λt and on the employed entanglement measure E,
∗ that
+ A positive map Λ maps positive operators – defined by a spectrum with strictly non-negative
eigenvalues – on positive operators, and, in particular, density matrices onto density matrices. For
ΛC to be completely positive, also all possible extensions of the map to larger systems of the form
1N ⊗ ΛC need to be positive.∗ The measure E needs to be Lipschitz-continuous [133], and the system and environment need to
be initially uncorrelated or at most classically correlated such that Λt does not depend on the initial
state.
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deviations , of the final entanglement of an arbitrary pure initial state |Ψ〉 under the
action of Λt from the mean entanglement 〈E〉(t) of all pure states acted upon by Λt,
are exponentially suppressed in  and in the system dimension d [134]:
P (|E(Λt |Ψ〉 〈Ψ|)− 〈E〉(t)| > ) ≤ 4exp
(
− 2d− 1
96pi2η2Eη
2
Λt
2
)
, (44)
where P quantifies the probability of the event specified by its argument, and ηE and
ηΛt are parameters that characterize E and Λt, with ηΛt < 1.
Whereas the efficient evaluation of the entanglement evolution of individual initial
states of large composite systems will at some point turn prohibitive, (44) provides a
statistical estimate which becomes ever tighter with increasing system size. In other
words, the vast majority of initially pure multipartite states in a high-dimensional
Hilbert space share the same entanglement properties [134]. Consequently, the
entanglement evolution is similar for almost all initial states, and an asymptotic
behavior emerges with typical traits that are independent of the exact quantum state,
reminiscent of thermodynamic quantities.
3.3. Identical particles
As anticipated above, a consistent treatment of the entanglement of identical particles
is much more subtle than for distinguishable particles. The Hilbert-space structure
of two or more identical particles does not reflect any more a physical partition into
subsystems, due to the (anti)symmetrization of the many-particle wave-function, as a
result of the symmetrization postulate [135]. The principle of indistinguishability [136]
that applies to all physical operators leads to an uncircumventable super-selection
rule (see Section 2.7.2). This problem has been at the origin of a long debate
[122, 117, 137, 138, 119, 139, 140, 141, 142, 143, 144] on how to define a useful measure
for a given state of identical particles. In the following, we describe the current state
of affairs, and elaborate on how to refine the above criterium of a complete set of
properties (Section 3.1.1) for the case of identical particles [122].
3.3.1. Entanglement of particles In many cases, when two identical particles are well
separated – as in typical experiments with photons in different optical modes, or with
strongly repelling trapped ions – no ambiguity is possible, and the physical subsystem-
structure is apparent from the preparation of the state and the accessible observables
[145]. This is already realized in quantum mechanics textbooks, e.g. [146] states that
“No quantum prediction, referring to an atom located in our laboratory,
is affected by the mere presence of similar atoms in remote parts of the
universe.”
Still, the formal notion of entanglement which we introduced for the case of
distinguishable subsystems in Section 2.5 ought to be adjusted, since its naive
application yields an unphysical form of entanglement, as can be seen by closer scrutiny
of the following, exemplary state:
|ΨAB〉 = 1√
2
(|A, 1〉 ⊗ |B, 0〉 ± |B, 0〉 ⊗ |A, 1〉) , (45)
where |A〉 and |B〉 describe orthogonal wave-functions. On a first glance, the wave-
function appears to be entangled, since it cannot be written as product state, and it
has Schmidt rank two (see (25)). However, a more careful analysis of the situation
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shows that neither particle in the system is affected by any physical uncertainty: The
wave-function |ΨAB〉 describes two particles, with their positions in space described
by |A〉 and |B〉, which are prepared in the internal states |1〉 and |0〉, respectively.
Physically speaking, we can easily assign a physical reality and thereby properties (in
the sense of Section 3.1.1) to the particles: A measurement of the particle located
at |A〉 (|B〉) will always yield the internal state |1〉 (|0〉). On the other hand, no
physical operator can be conceived which refers unambiguously to the “first” or the
“second” particle, since the particles are - by assumption - indistinguishable, which
implies the permutation symmetry of all operators. In other words, the merely formal
entanglement in the unphysical particle labels cannot be exploited directly, and does
not correspond to a lack of information about the physical preparation of the system’s
constituents – indeed we have just established that there are two particles in the system
which both possess a physical reality [117]. Hence, instead of the Hilbert spaces of
the particles which do not allow any more to address the particles individually, some
other, physical, degrees of freedom need to be identified with the distinctive properties
of the entities that carry entanglement.
3.3.2. Slater decomposition and rank In order to differentiate between physical
correlations and mere correlations in the particle labels, we use the Slater
decomposition instead of the Schmidt decomposition (25): Two fermions which occupy
an n-dimensional Hilbert space can always be described by the following quantum state
[120, 147]
|Ψfermion〉 =
∑
a,b
wa,bf
†
af
†
b |0〉 , (46)
with antisymmetric coefficients wa,b = −wb,a, and fermionic creation operators f†a
(f†b ), which act on the vacuum state |0〉 and create a particle in the single-particle
state |a〉 (|b〉). In analogy to any bipartite state of distinguishable particles that can
be written in the Schmidt-decomposition (25), the above state can be represented in
the Slater decomposition [120],
|Ψfermion〉 =
∑
i
zif
†
a(i)
f†
b(i)
|0〉 , (47)
where the single particle states |a(i)〉 = f†
a(i)
|0〉 and |b(i)〉 = f†
b(i)
|0〉 fulfill 〈a(i)|b(j)〉 =
δa,bδi,j . The number r of non-vanishing expansion coefficients zi defines the Slater
rank, which is unity for non-entangled states, and larger than unity for entangled
states. In other words, elementary Slater determinants that describe fermions are
the analogues of product states in systems that consist of distinguishable particles.
The state (45) represents – in the antisymmetric case for fermions – a single
Slater determinant and is, therefore, correctly recognized as non-entangled. The
entanglement measures introduced in Section 2.6, based on the distribution of Schmidt
coefficients, can thus, in general, be recovered for identical particles by consideration
of the Slater coefficients instead.
The convex roof construction (33) for distinguishable particles can be imported
directly, and allows the computation of entanglement measures for mixed state of
identical particles. For example, the Schmidt rank of a mixed state of fermions can
be obtained as follows: Given a mixed state of fermions decomposed into pure states,
ρ =
∑
j
pj |Ψ(rj)j 〉 〈Ψ(rj)j | , (48)
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where rj is the Slater rank of the respective pure state |Ψ(rj)j 〉, the Slater rank of
ρ is defined as k = min(rmax), where rmax is the maximal Slater rank within one
decomposition, and the minimum is taken over all decompositions, in strict analogy
to the case of distinguishable particles [84]. Witnesses (see section 2.4) for the minimal
number of Schmidt coefficients [148] for distinguishable particles can be imported to
Slater witnesses [120] which witness states that require a certain minimal Slater rank.
While the analogies between Slater rank and Schmidt rank, worked out in [120],
also suggest similarities for the properties and the interpretation of the reduced density
matrix of one particle (see Section 2.6), it is important to note that the reduced density
matrix of one particle, %1, still exhibits some intrinsic uncertainty due to the formal
entanglement in the particle label. The relationship between Schmidt coefficients and
the eigenvalues of the reduced density matrix (see (25),(26) in Section 2.6) therefore
breaks down in the case of identical particles: The Slater coefficients are not directly
related to the eigenvalues of the reduced density matrix. Entanglement measures
based on the reduced density matrix therefore need to be interpreted carefully here,
since they do not yield a result in full analogy to the case of distinguishable particles.
Such interpretation follows below in Section 3.3.4.
Similarly as for fermions, a quantum state of two bosons [140, 121, 144] can be
written as
|Ψboson〉 =
n∑
i,j=1
vi,jb
†
i b
†
j |0〉 . (49)
The symmetric coefficient matrix vi,j = vj,i can be diagonalized such that the state
can be written as a combination of doubly-occupied quantum states,
|Ψboson〉 =
n∑
j=1
v˜j
(
b˜†j
)2
|0〉 (50)
Again, we call the minimal number r of non-vanishing v˜j the bosonic Slater rank. As
we will see below, the interpretation of the Slater rank is not directly analogous to
the case of distinguishable particles, as it was for fermions. The reason lies in the fact
that two bosons can populate the very same quantum state, which is impossible for
fermions and cannot be modeled within the usual quantum-information framework
laid out in Section 2.
3.3.3. Subsystem properties and identical particles In physical terms, the concept
of properties of particles, discussed in Section 3.1.1, can be adapted to the case of
identical particles by taking into account that the particle label itself is not a physical
property [141, 117, 137]. This fact needs to be included in the design of the projection
operators that define a complete set of properties [117], in the terminology of Section
3.1.1. Given two particles prepared in a quantum state |Ψ〉 of identical bosons or
fermions, we therefore say that one of the constituents possesses a complete set of
properties if, and only if, there is a one-dimensional projection operator P on the
single-particle Hilbert space H such that
〈Ψ|EP |Ψ〉 = 1, (51)
for
EP = P ⊗ (1− P ) + (1− P )⊗ P , (52)
CONTENTS 25
where the order of the operators reflects the respective Hilbert spaces they act on.
The above projection operator can be interpreted as the projection on the
subspace in which one particle possesses the properties given by P , while the other
particle is projected onto a subspace orthogonal to P . Similarly to the case of non-
identical particles, a particle cannot be entangled to any other particle if it possesses
a complete set of properties.] This definition rigorously adapts our discussion of
Section 3.1.1 to the example (45) in Section 3.3.1. Indeed, for the state vector (45),
the projection operator P = |A〉 〈A| ⊗ |1〉 〈1| has the required properties (51,52).
Thus we come to the following conclusion [137]:
Identical fermions of a composite quantum state are non-entangled if their
state is given by the antisymmetrization of a factorized state.
The case of bosons is more subtle to treat [137]:
Identical bosons are non-entangled if either the state is obtained by
symmetrization of a product of two orthogonal states, or if the bosons are
prepared in the same, identical state.
A special case arises when a product of two non-orthogonal states is symmetrized,
as illustrated by the following example: Consider the state
|Ψ〉 = N(α) (|φ〉 ⊗ (cosα |φ〉+ sinα |ψ〉)
+ (cosα |φ〉+ sinα |ψ〉)⊗ |φ〉) (53)
where we assume 〈φ|ψ〉 = 0, and N(α) is an appropriate normalization constant. The
parameter α interpolates between a symmetrized state of a product of two identical
single-particle quantum states, and the symmetrized product of two orthogonal states.
For α = 0, it corresponds to the state |φ〉⊗|φ〉, i.e. a non-entangled state, since we can
attribute the property |φ〉 〈φ| to both particles. For 0 > α > pi/2, two non-orthogonal
states are symmetrized, and no projection operator P which satisfies (51) can be
found. In other words, no statement about “at least one particle possesses a certain
set of properties” is possible. Thus, a physical reality can be attributed to neither
one of the particles, and the state has to be considered entangled. For α = pi/2, the
state corresponds to the symmetrized product of two orthogonal states, one particle
possesses the property P = |ψ〉 〈ψ|, the other particle possesses Q = |φ〉 〈φ|, and the
state is hence not entangled.
3.3.4. Subsystem properties and entanglement measures The physical criteria based
on the possession of realistic properties, as imported above from the case of
distinguishable particles, can be directly related to entanglement measures such as
the Slater rank introduced in Section 3.3.2 [141, 117, 137]. Also the von Neumann
entropy of the reduced density matrix of either one of the particles can be used for the
characterization of entanglement, though with some caution, as already mentioned in
Section 3.3.2. Here, the interpretation for identical particles is distinct from the one
established for distinguishable ones. One can finally formulate [117] for fermions:
(i) Slater rank of |Ψ〉 = 1 ⇔ S(%(1)) = 1 ⇔ |Ψ〉 is non-entangled (the state is
obtained by antisymmetrization of a product of two states).
] We avoid the use of the term “separable”, instead of “non-entangled”, in the context of identical
particles, since the term “separable” is often used to refer to the mere mathematical structure of the
state, rather than to its possession of well-defined single-particle properties.
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(ii) Slater rank of |Ψ〉 > 1 ⇔ S(%(1)) > 1 ⇔ |Ψ〉 is entangled (the state is obtained
by antisymmetrization of a sum of products of states).
In contrast to the case of distinguishable particles, the entropy S(%(1)) is bounded
from below by unity instead of zero: This residual value reflects the mere uncertainty
in the particle label. The analogy between the first case (i) and product states of
distinguishable particles, and between the second case (ii) and entangled states of
distinguishable particles is apparent. Note that the antisymmetrization of a product
of two non-orthogonal states gives rise to an unnormalized and non-entangled state.
For bosons, due to the possibility that the state is obtained by symmetrization
of a product of two non-orthogonal states, the criterion is more elaborate [122]
(iii) Slater rank of |Ψ〉 = 1⇔ S(%(1)) = 0⇒ |Ψ〉 is non-entangled (both particles are
in the same quantum state).
(iv) Slater rank of |Ψ〉 = 2, 0 < S(%(1)) < 1⇒ |Ψ〉 is entangled (the state is obtained
by symmetrization of a product state of non-orthogonal single-particle states).
(v) Slater rank of |Ψ〉 = 2, S(%(1)) = 1⇒ |Ψ〉 is non-entangled (the state is obtained
by symmetrization of a product state of two orthogonal single-particle states).
(vi) Slater rank of |Ψ〉 > 2⇒ |Ψ〉 is entangled (the state is composed by symmetrizing
a sum of more than one product states).
Again, the entropy of the reduced density matrix S(%(1)) reflects the uncertainty in
the particle label. Due to the higher occupation numbers allowed for bosons, it is,
however, not bounded from below as for fermions. Note that the entanglement of
a state is directly reflected neither by the Slater rank, nor by the entropy alone: A
Slater rank of 2 can correspond to, both, an entangled and a non-entangled state.
The two latter cases (v) and (vi) are, again, analogous to the case of non-entangled
and entangled distinguishable particles, as for fermions. The first two situations (iii)
and (iv), however, can only occur for bosons and do not possess any analogy with
distinguishable particles. They are realized by the example (53) discussed above.
3.4. Measurement-induced entanglement
In the preceding Section, we elaborated on a notion of entanglement for identical
particles that follows the spirit of the original EPR approach [1]: If it is possible
to assign a physical reality (subsystem properties) to the constituent particles of a
composite quantum system, they are considered as not entangled. When dealing
with identical particles, however, another source of quantum correlations emerges.
In measurement setups that delete which-way information [149, 150], entanglement
can be created between identical particles without any interaction, in contrast to
distinguishable particles (see Section 3.2). In order to understand this, consider, once
again, the quantum state
|ΨAB〉 = 1√
2
(|A, 1〉 ⊗ |B, 0〉 ± |B, 0〉 ⊗ |A, 1〉) . (45)
As we have shown above, this state is not entangled according to the criterion of
particles which possess a complete set of properties. Indeed, we can unambiguously
assign the property P = |A, 1〉 〈A, 1| to one of the particles.
Let us now assume, however, that we use two detectors to measure the particles,
and that these detectors do not spatially project onto |A〉 or |B〉, but on a linear
combination of these states: We decide to measure a particle in the external state
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|L〉 := (|A〉+ |B〉)/√2, and another one in the external state |R〉 := (|A〉 − |B〉)/√2,
orthogonal to |L〉. Such measurement is not deterministic, i.e. not in each realization
of the experiment does one find one particle in each detector. The internal states
of the particles which are possibly registered by the detectors are not determined
any more, i.e. no assignment of a complete set of properties is possible for particles
located in |L〉 or |R〉 – while before the measurement the state (45) did not exhibit
entanglement, according to our criterion defined earlier. A posteriori, the internal
states of the particles detected in |L〉 and |R〉 are perfectly anti-correlated, and the
Bell inequality (15) can be violated [151].
We call such choice of detectors OL = |L〉 〈L| and OR = |R〉 〈R| ambiguous, since
both particles initially prepared in the state given by (45) have a finite probability to
trigger each detector, i.e. the detectors have no one-to-one relationship to the external
states of the particles. This situation is also illustrated in Figure 6: The quantum state
is initially non-entangled according to the above (EPR) criteria, but the individual
spins of the particles measured by the two detectors are maximally uncertain, and
strictly anti-correlated. Thereby, erasure of which-way information takes place: By
the measurement of a particle in the state |L〉, the initial preparation of the particle
– whether in |A〉 or |B〉 – is completely obliterated.
|A, ↑￿ |B, ↓￿
OˆR = |R￿ ￿R|OˆL = |L￿ ￿L|
Figure 6. Two particles are initially prepared in two orthogonal quantum
states |A〉 , |B〉 with definite spin values |↑〉 , |↓〉, which permits the attribution
of unambiguous properties to each of them. They hence both possess a physical
reality. However, for ambiguous detector settings with |B〉 6= |L〉 6= |A〉 and
|B〉 6= |R〉 6= |A〉, the detection of one particle in each detector, |L〉 〈L| or
|R〉 〈R|, will come along with wide uncertainty regarding the state of the measured
particles’ spin, due to the deletion of which-way information in the course of the
measurement.
An ambiguous choice of the detector setting can thus induce quantum correlations
between the measurement results at these detectors, even if the initial state (like the
one in (45)) is non-entangled, and no interaction between the particles has taken place.
For an initially entangled state, the detected particles can result to be more, but also
to be less entangled [151], depending on the details of the setup. Furthermore, the
statistical behavior of identical particles upon detection strongly depends on whether
and how they are entangled. For example, photons prepared in a maximally entangled
|Ψ−〉-state, see (19), behave like fermions when scattered on an unbiased beam splitter
[152]: When one photon enters at each input port, they will always exit at different
ports and never occupy the same output mode.
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We denote this phenomenon – non-vanishing entanglement upon detection of
particles initially prepared in a non-entangled state (according to [141] and (51))
– measurement-induced entanglement. This is the characteristic additional feature
encountered when dealing with identical particles and their entanglement properties.
We retain that, in contrast to distinguishable particles, which can be entangled
by deterministic procedures mediated by mutual interaction, measurement-induced
entanglement is intrinsically probabilistic, i.e. the success rate to find one particle in
each detector is strictly smaller than unity.
3.4.1. Entanglement extraction The abstract principle of deleting which-way
information constitutes the basis for many applications which exploit the
indistinguishability of particles to create entangled states. Such schemes are widely
used, for example in today’s quantum optics experiments with photons (see [153, 29,
154, 155, 30], for an inexhaustive list of very recent state-of-the-art applications). For
massive particles, however, no experiments have been performed yet which implement
analogous ideas, but recent advances in current technology (see, e.g. [156]) feed the
hope that a realization analogous to the photon experiments will be performed in the
near future.
An ambiguous choice of detectors which implements the scheme of Section 3.4
is realized by a simple beam splitter in a Hong-Ou-Mandel configuration [157]: In
the original experiment, two identical photons fall onto the opposite input ports of
a balanced beam splitter and, due to two-particle interference, they always leave the
setup together, at one output port. Instead of two identical photons, one can inject a
horizontally and a vertically polarized photon [152], as illustrated in Figure 7, i.e. the
initial state
|Ψini〉 = aˆ†1,H aˆ†2,V |0〉 . (54)
The final state after the scattering on the beam splitter reads
|Ψfin〉 = 1
2
(
b†1,Hb
†
1,V − b†2,Hb†2,V + b†1,Hb†2,V − b†2,Hb†1,V
)
|0〉 . (55)
Disregarding measurement results with two photons in the same port – described
by the first two terms in |Ψfin〉 –, which is known as the post-selection of those
detection events with one particle in each output port (the two last terms in |Ψfin〉),
one effectively performs a projection onto the maximally entangled |Ψ−〉 Bell state.
Consequently, when analyzing the postselected subset of the total measurement record,
perfect anti-correlations between the measured photons are encountered [158]. Such
a combination of two-particle interferometry and which-way detection can be used
to entangle any degree of freedom of indistinguishable particles, whether bosons or
fermions [159, 160], or to distinguish fermionic from bosonic quantum states [161].
Recent experiments have shown that this scheme works even if the photons are created
independently [162, 163] or measured at very large distances from each other [164].
These effects lend themselves to manipulate entangled states by purely quantum-
statistical means, i.e. to change their entanglement properties without the need of
any interaction between the constituents [165, 166, 167].
The two-particle Hong-Ou-Mandel effect on which the above scheme relies can
be generalized to an arbitrary number of input and output ports [168, 169]. This
also allows to generalize the above scheme to create entanglement within multipartite
systems [170, 171]. Again, one prepares a non-entangled state of photons in which not
all photons share the same internal state. The particles are scattered simultaneously
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BS
|V ￿
aˆ†1
aˆ†2
bˆ†2
bˆ†1
|H￿
Figure 7. Entanglement creation with the Hong-Ou-Mandel (HOM) setup
[157]. Two photons that are initially prepared in the modes aˆ†
1(2)
and which are
horizontally (vertically) polarized fall onto the beam splitter (BS). Upon detection
of one photon in either one of the two detectors, the polarization state of this
photon is unknown, but fully anti-correlated to the polarization of the other one.
Purely quantum correlations are detected when the photons have perfect overlap
in space, time, and frequency. Slight deviations from this ideal case, as suggested
in the figure where the overlap of the transmitted and reflected wave packets is
not optimal, jeopardize the quantum nature of the correlations [151].
on a multiport beam splitter, as illustrated in Figure 8. Detection is conditioned on
one particle at each output port [172, 173]. The which-path information and thereby
the information on the internal state of the photons that are found at each output
port is deleted in the course of the scattering process, and the state obtained upon
detection of the predefined event (one particle in each output port) is a many-particle
entangled state. Such situation is illustrated for four particles in Figure 8. It is thus
possible to create a multitude of different multipartite entangled states [172, 174].
Similar schemes, where the photons propagate in free space rather than through a
beam splitter array, were shown to permit the preparation of multipartite entangled
states through suitable settings and detection strategies [175, 176, 177, 178]. Indeed,
with the local variation of the polarization states onto which the photons are projected,
it is possible to tune through several families of entangled states [30], including the
large subclass of states that are symmetric upon exchange of any two subsystems
[175, 176]. The induced correlations are not restricted to the polarization, but can
also be created in motional degrees of freedom [179].
All the above scenarios rely on the fact that all particles are identical, and only
distinguished through the mode and the internal state they are initially prepared in,
i.e. only through the property used for discrimination, and the degree of freedom
in which they will be entangled in the final state. Whenever some discriminating
information is available on output, i.e. when the particles are partially distinguishable,
e.g. due to different arrival times or different energies, the entanglement in the final
state is jeopardized [180, 181, 182, 183]. Instead of a fully quantum-mechanically
correlated state, the state exhibits more and more classical correlations, and the
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bˆ†4
bˆ†3
bˆ†2
bˆ†1
aˆ†1,H
aˆ†2,V
aˆ†3,V
aˆ†4,V
Figure 8. Multiport beam splitter setup to create a four-particle W-state [172].
The beam splitters (short and thin horizontal lines) have reflectivities chosen such
that the probability for any incoming photon to exit at any output port is always
1/4. When one particle is found at each output port, the four-photon polarization
state is described by a four-particle W-state [172]. Note the strict analogy to the
scheme in Figure 7.
more so the more distinguishable the particles are. Indeed, the transition from fully
indistinguishable to fully distinguishable particles used in these schemes corresponds
to a transition from purely quantum-mechanically entangled to purely classically
correlated final states [151].
Besides the intrinsic indistinguishability which is the very basis of the
entanglement strategies described above, it is also possible to exploit the Pauli
principle, and thereby use the quantum-statistical behavior of fermions [138], to
create entangled states. Quantum correlations between the spins of two independent
fermions in the conduction band of a semiconductor are enforced by the Pauli principle,
and selective electron-hole recombination then transfers this entanglement to the
polarization of the emitted photons.
3.4.2. Entanglement in the Fermi gas Different types of entanglement can be
considered within a Fermi gas. On the one hand, electron-hole entanglement can
be defined [184]. Here, we focus, however, on the entanglement between identical
particles, specifically the electrons, in their spin degree of freedom. This entanglement
can be understood as measurement-induced, similar to what we saw above. Different
studies illustrate how measurement-induced entanglement is ubiquitous in a scenario
in which the particles are measured in states different from those they were prepared
in, in full analogy to the generic situation described in Section 3.4: The Fermi gas is
constituted of electrons prepared in momentum eigenstates, which are then detected
in position eigenstates.
The ground state of a Fermi gas of non-interacting particles at zero temperature
reads
|φ0〉 =
∏
s=↑,↓
∏
|p|≤kF
b†s(p) |0〉 , (56)
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where |0〉 represents the vacuum and b†s(p) creates an electron with spin s and
momentum p. This state corresponds to a single Slater determinant, and it is
therefore not entangled according to our reasoning in Section 3.3.3, but may exhibit
measurement-induced entanglement. Indeed, when two particles are detected at
positions r and r′, one observes entanglement between the spins of the detected
electrons [185]. The spin correlations found between the fermions depend on their
relative distance x = |r − r′|: The two-body reduced density matrix of the particle
pair reads
ρ12 =

1− f(x)2 0 0 0
0 1 −f(x)2 0
0 −f(x)2 1 0
0 0 0 1− f(x)2
 , (57)
in the basis
{|↑〉r ⊗ |↑〉r′ , |↑〉r ⊗ |↓〉r′ , |↓〉r ⊗ |↑〉r′ , |↓〉r ⊗ |↓〉r′}, (58)
which describes the spin orientations of the two electrons found at the two locations,
r and r′, with
f(x) =
3j1(kFx)
kFx
, (59)
where j1(x) is the Bessel function of the first kind. We can interpret (57) as a state of
two effectively distinguishable particles [151], since it describes the spin state of the
two electrons detected by two distinct detectors. Thereby, we can apply the notions
of Section 2.
The two-particle state (57) is a Werner state (see (16)) with the particular
property that it cannot violate any Bell inequality for a large range of f , although
it exhibits entanglement [49]. For inter-particle distances x of the order or smaller
than pi/(8kF ), we find f(x)
2 ≥ 1/2, and the detected particles result to be entangled,
by virtue of (33). Physically, this corresponds to the situation in which the Pauli
principle inhibits the detection of both particles with the same spin, and forces the
electrons into an anti-correlated state.
The above consideration allows the extraction of a many-particle density matrix
that describes the spin state of the detected particles, and permits to tackle
entanglement between electrons in the Fermi gas under numerous distinct perspectives.
Instead of detecting only two particles, it is immediate to study multipartite
entanglement between many electrons at different locations [186, 187, 188, 189]. Finite
temperatures can be considered [190, 191], and also electron-electron interactions
were included [192, 193], although only as screened Coulomb interactions in an
effective treatment that provides an approximation to the Fermi liquid. It is
also possible to relax the assumption that the particles be projected onto position
eigenstates [194], and consider more realistic, coarse-grained measurement devices.
All studies in this area share the conclusion that a rich variety of entangled states
can be extracted, purely due to measurement-induced entanglement, and that such
quantum correlations are not substantially affected when finite temperatures or
screened Coulomb interactions are incorporated in the model. Hence, the measures
for particle entanglement introduced in Section 3.3 are satisfactory in concept,
but many dynamical situations occur in which the detection process itself indeed
induces entanglement between particles, and a treatment that takes into account
measurement-induced entanglement, as discussed in Section 3.4, is more appropriate.
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This conclusion is not restricted to the case of a Fermi gas, but the scheme can be
applied to any system of many identical particles.
3.5. Mode entanglement
While the above discussion of the entanglement of identical particles was centered
around the correlations between degrees of freedom carried by particles, one can also
define the entanglement between modes. In this case, it is the very number of particles
which becomes the degree of freedom in which the entities – the modes – can be
entangled. For example, the state
1
2
(
a†a† ⊗ 1(B) + 1(A) ⊗ bˆ†bˆ†
)
|0〉A ⊗ |0〉B
=
1√
2
(|0〉A ⊗ |2〉B + |2〉A ⊗ |0〉B) , (60)
where aˆ† and bˆ† represent particle creation operators of mode A and B, is a state
which exhibits entanglement between modes A and B (we make the tensor product
structure explicit here): It describes a coherent superposition of two particles located
in A and two particles located in B. The local particle number in A and B is unknown
and exhibits correlations with the number of particles in the respective other mode.
3.5.1. The definition of modes and the problem of locality The Pauli principle results
in a maximal mode occupation number one for fermions, so that each mode can only
reside in the state |0〉 (no fermion) or |1〉 (one fermion). That is to say, the Fock-space
of m fermionic modes is isomorphic to an m-qubit Hilbert-space, which is formalized
by a map Λ with the property [195]
Λ :
L∏
l=1
(
cˆ†l
)nl |0〉2ndquant. 7→ ⊗Ll=1(σ+l )nl |0, . . . , 0〉1stquant. , (61)
where nl ∈ {0, 1}, and we made the first and second-quantized formulation explicit: c†l
is the fermionic creation operator for mode l, and σ+l is the raising operator of the lth
qubit, i.e. σ+l |0〉l = |1〉l. On the level of operators, the Jordan-Wigner transformation
[196] maps fermionic creation operators onto raising operators, such that
cˆ†l 7→ σ+l
l−1∏
k=1
(−σzk), σ†l 7→ cˆ†l
l−1∏
k=1
eipicˆ
†
k cˆk . (62)
In other words, in order to take into account the fermionic anti-commutation relations
for distinct sites, {cˆk, cˆ†l } = δk,l, the mapping from the lth creation operator to the
raising operator is non-local in the modes, since it depends on the occupation numbers
of all modes k with k < l. Consequently, also the action on one mode depends on the
occupation of other modes, and cannot be considered “local” anymore. The difficulties
that arise due to this non-trivial mapping are aggravated by the impossibility of
arbitrary rotations of qubits due to particle-number conservation (for massive and/or
charged fermions,
∑
k nk = const.), or total parity conservation (for excitations,
mod(
∑
k nk, 2) = const.). Fermionic mode entanglement can still be exploited, e.g. for
quantum computation purposes when suitable protocols are designed [197], allowing
applications in close analogy to the unrestricted form of particle entanglement.
CONTENTS 33
Fermionic mode entanglement also possesses a physical interpretation, since it
can be related to different types of superconductivity [198]. For example, in the BCS-
model [199], a finite value of the superconductivity order parameter is a necessary
condition for entanglement, superconductivity and entanglement are thus related.
Mode entanglement can be defined analogously for bosons [200, 201], with the
difference that, due to the unconstrained occupation number, the resulting Hilbert
space is much larger than in the case of fermions.
In general, mode entanglement is strongly dependent on the way the modes are
defined themselves, since any transformation of mode creation operators
cˆ†i → c˜†i =
∑
j
Uij cˆ
†
j , (63)
with unitary U leaves the commutation relations of the creation operators invariant,
while the reduced density matrix for a single mode will in general change considerably
[195]. Indeed, a transformation as (63) ought to be considered non-local, since different
modes are brought into coherent superposition of each other.
While central to the definition of the entanglement of distinguishable particles,
where the term “local” denotes operations which act on one subsystem alone, the very
concept of locality is indeed difficult to define, let alone to apply consistently, when
dealing with the entanglement of identical particles or with the entanglement of modes:
The approaches to particle entanglement proposed in [120] – particle entanglement
according to complete sets of properties, as in Section 3.3.1 – and in [195] – mode
entanglement – are compared in [202]. The authors come to the conclusion that the
definition based on the Slater rank presented in [120] does not meet the requirements
for an entanglement measure, and is thus inappropriate for the quantification of
entanglement of identical particles, since it is invariant under non-local operations,
while it changes under operations restricted to one mode. This argument is based
on the observation that a single-particle two-site unitary transformation does not
affect the Slater rank of any non-entangled state and, thus, does not change its
entanglement according to [120], while such operation can be considered as nonlocal
in the sites/modes. This line of thought shows that particle entanglement is a concept
which does not go well along with the very concept of locality, since particles can be
strongly delocalized and yet unentangled, in the sense that they individually possess
a complete set of properties (in the EPR sense of Section 3.1.1), as we show in the
following: Consider, e.g., the passage of two orthogonally polarized photons through a
beam splitter, as already discussed in Section 3.4.1 with Eqs. (54),(55), and illustrated
in Figure 7. The quantum state and its evolution read
|Ψini〉 = aˆ†1,H aˆ†2,V |0〉 7→
1
2
(b†1,H − b†2,H)(b†1,V + b†2,V ) |0〉
=: a˜†1,H a˜
†
2,V |0〉 , (64)
where aˆ†i,X (bˆ
†
i,X) denote creation operators for particles in mode Ai (Bi) with
polarization X. While the initial state is clearly non-entangled, since the modes are
spatially separated, the final state is entangled in the modes defined by the creation
operators b†k,Y . Since the photons never interact, the functional form of the initial
state is preserved in the final state, which therefore can still be rewritten as a non-
entangled state in terms of transformed modes a˜†k,Y , as done in the second line of (64).
While the particles in the modes populated by a˜†j can still be attributed a full set of
properties, local measurements in the modes bk exhibit quantum correlations. The
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choice of modes is clearly induced by the experimental setting: measurements take
place on the modes defined by b˜†j , and since entanglement is fundamentally defined
by the correlations of measurement results (see Section 2.3) the application of an
entanglement measure ought to be performed on the state as described in terms of
the b˜†j , in the first line of (64), while recasting the state into the second line’s form is
nothing but a formal manipulation, without a physical counterpart.
When entanglement is not considered within a measurement setup, the question
arises of which is the natural mode substructure to be considered in order to quantify
the entanglement induced solely by interaction, in a system of identical particles. A
natural choice is given by the eigenstates of the single-particle Hamiltonian, in the
absense of the interaction part [203]. The resulting mode-entanglement, when the
interaction is turned on again, then originates uniquely from the interaction terms of
the system Hamiltonian, and is not a by-product of the above redefinition of modes.
However, given the indispensable, defining anchoring of entanglement to correlations
of measurement results, such considerations have a rather formal flavor.
3.5.2. Particle entanglement The physical relevance of mode entanglement has
been an object of intense debate [204, 205, 206, 207, 208], since a particle number
superselection rule (SSR, see Section 2.7.2) forbids, in principle, the detection of
coherent superpositions of states of massive particles with different local particle
numbers. While we show in Section 3.5.3 that schemes exist which allow to circumvent
this problem in some cases for both massless and massive particles, given a suitable
experimental infrastructure, let us assume for the moment that such equipment is
not present, and that particle-number correlations of massive particles cannot be
regarded as entanglement, as proposed in [118]. The system under consideration
allows its modes to have a variable number of particles, and the particles to carry
an internal degree of freedom. The mode entanglement of a given state stems from
both, the entanglement in the particle-number degree of freedom, i.e. intrinsic mode
entanglement, and entanglement in the internal degree of freedom of the particles. In
order to assure that only the latter be capitalized as bona fide entanglement, only the
entanglement from the state’s projection onto states with locally well-defined particle
numbers is computed [118], thus neglecting the coherent superposition of different
particle numbers. The result then reduces to the entanglement one would assign to
distinguishable spins [139]. Simple models of two bosons or two spinless fermions
distributed over four modes, the Hubbard dimer, and non-interacting electrons on
a lattice are treated following this convention in [119], with a comparison to the
application of a mode-entanglement measure. For the electrons on a lattice, the
resulting entanglement in the spin degree of freedom agrees well with studies of
entanglement in the Fermi gas as mentioned in Section 3.4.2 above. In general,
the degree of particle entanglement is found to differ from the degree of mode
entanglement. For example, the entanglement of particles for two non-interacting
bosons in four sites vanishes, while the entanglement of modes of the same system
adopts a finite value. Such discrepancy can be expected, since the very carriers of
entanglement are different.
3.5.3. Detection of mode-entanglement The discussion of the previous Section
followed the assumption [118] that coherent superpositions of different particle
numbers of massive particles cannot be detected. This assumption itself is, however,
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under debate [204], as we will discuss in the following. The key issue is best
illustrated by the case of a single, delocalized particle. This simple setting has
attracted much attention during the last decades, from very different perspectives
[209, 210, 211, 212, 213, 214, 215, 216, 217, 218, 219]. The debate on whether such
state bears entanglement or not has been intense, and only in the case of photons
the issue can be regarded as thoroughly settled by experimental verification. Note,
however, the fundamental difference between massive particle for which conservation
laws imply a SSR, e.g. of charge, and massless particles such as photons, which can
be locally created or destroyed [220], under the condition that energy, momentum and
angular momentum are conserved.
The controversy arises from the fact that a state of a delocalized photon, which
one obtains, e.g., by simple scattering on a beam splitter, can be written, in the
occupation number basis, as [204]
|Ψ〉A,B =
1√
2
(|0〉A ⊗ |1〉B + |1〉A ⊗ |0〉B) (65)
where A,B denote the modes, and |k〉A/B the occupation number, or Fock state. The
state seems to exhibit entanglement between mode A and mode B, but it is fully
equivalent to the application of the following linear combination of creation operators
on the vacuum
|Ψ〉A,B =
1√
2
(
aˆ†A ⊗ 1+ 1⊗ aˆ†B
)
|0〉A ⊗ |0〉B , (66)
for which the entanglement is not as obvious. When expressed in first quantization,
there is, due to the irreducible structure of the Hilbert space, no place for entanglement
at all:
|Ψ〉A,B =
1√
2
(|A〉+ |B〉) . (67)
The choice of modes as the carriers of entanglement suggests, however, that indeed
(65) captures the essential physics of the problem.
The apparently intuitive argument brought up against the feasibility to test the
non-locality of such a state was that the detection of the particle at one mode – a
necessary requirement in the experiment – would prohibit the measurement of any
property associated with this very same particle at the other mode. However, by its
construction does the verification of non-locality rely rather on the wave-like rather
than the particle-like features, which indeed can be probed, as we will see now.
Proposals to verify a single particle’s mode entanglement mainly follow two lines,
and we review one exemplary setup for each.
Phase reference via external ancilla states The first method relies on coherent states
as phase reference [221]: one of the modes in (65) is superposed, at a beam splitter,
with a coherent state |α〉 in the other mode. A photon detector that is located at
one output port of the beam splitter cannot distinguish photons which originate
from either input mode. Therefore, the amplitudes for a single photon detection
event, which stem from the single photon mode and from that fed with the coherent
state, are added. Variation of the phase of the coherent state allows to project, upon
detection of a photon at one output port of the beam splitter, onto different coherent
superpositions of one and no photon in the input mode. Thus, the relative phase
of the one-particle component |1〉 with respect to the no-particle component |0〉 can
CONTENTS 36
|H￿
|0￿
|1￿
|α1￿
|α2￿
BS BS1
BS2
Figure 9. Mode entanglement detection with coherent states [209, 221]. The
non-local single photon state is superposed with the coherent states |α1〉 and
|α2〉, respectively, at the two beam splitters BS1 and BS2. The four detectors are
depicted as triangles.
be measured, i.e. one is not restricted to measurements in the basis {|0〉 , |1〉}. This
procedure can be performed on both modes and thereby permits a full Bell experiment,
as illustrated in Figure 9. The setup works analogously when single photon states are
used instead of the coherent states [222, 223], provided a phase reference is available.
While the very implementation of that setup was not considered an issue and
also acknowledged by critics, it was argued that the exhibited non-locality is not a
property of the single photon, but intrinsically relies on the coupling to the coherent
states which may bring in additional non-locality [224, 225, 226]. This problem can
be circumvented by modifying the setup such that the coherent states that are used
are totally uncorrelated [213]: If the reference states are created by the observers
themselves in an independent way, no additional quantum correlations can be induced.
The phase relation between the coherent states is crucial for the functioning of the
scheme, but can also be achieved by purely classical communication.
Experimentally, mode entanglement was finally verified, closely following the
original proposal [221], in [227, 228] with photons delocalized in space, and in [229]
for photons delocalized in time.
Note, however, that this verification does not rely on the fact that one uses
massless particles: Instead of a coherent state of light, a reservoir such as a BEC
can also be used as a reference state, when massive particles are under consideration.
Thereby, the fundamental SSR for the particle number which states that no coherent
superpositions of a different number of particles can be directly measured, can be
circumvented [230, 208, 231, 232].
CONTENTS 37
Transfer of mode entanglement onto ancilla particles The second method for the
verification of mode-entanglement does not require coherent states as a reference, but
introduces ancilla particles, which acquire the information whether the mode was
populated or not, in a coherent way. A subsequent readout of the state of the ancilla
particles can then violate locality. In contrast to the above setup using coherent
reference states, the issue of creation or annihilation of massive particles (ruled out
by a fundamental SSR) is more intricate here, as we will see below. The basic idea is
strongly influenced by a proposal for entangling gates in quantum computation [233],
and can be described as follows: Consider the state [204, 234, 220]
aˆ†A
aˆ†B
aˆ†0 |g￿
|g￿
Figure 10. Detection of mode-entanglement with ancilla particles. A photon
is scattered by the beam splitter (solid horizontal line), and excites coherently
either the upper ancilla particle, or the lower one, which are both initially in their
ground state |g〉. A subsequent read-out of the states of the ancilla particle in
different bases reveals the quantum correlations between them.
1√
2
(
|0, 1〉A,B + |1, 0〉A,B
)
⊗ |g, g〉 , (68)
where |i, j〉A,B represent the state of the modes in which i particles are prepared in
mode A, and j particles are prepared in B. The state |g, g〉 describes two ancilla
particles in their ground state, locally coupled to the modes A and B, respectively. If
an interaction between the particles prepared in the modes and the ancilla particles
takes place, such that the latter become excited upon the presence of a particle in the
respective mode, the full system’s quantum state will evolve into
1√
2
|0, 0〉A,B ⊗ (|g, e〉+ |e, g〉) , (69)
due to the coherent absorption of the delocalized particle by the ancilla particle coupled
to A or to B. The setup is schematically depicted in Figure 10. The entanglement
which was present as mode-entanglement is transferred to entanglement between the
two ancilla particles which can be verified by the usual means, under the assumption
that no SSR inhibits the measurement of coherent superpositions of |e〉 and |g〉 [235].
Hence, by simple interaction with ancillae, the inaccessible mode entanglement can
be transferred to an unconstrained degree of freedom. A realistic scenario based
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on this idea was proposed for cavity-QED experiments in [236], and successfully
implemented, e.g., in [237] (see [238] for a review of related cavity-QED experiments).
Other methods for the realization of the proposal include the storage and retrieval of
quantum information of one single delocalized photon in an atomic ensemble [239].
As insinuated above, it is important to note that the absorption of the particle
is indeed crucial for the entanglement between the ancilla particles. If the particle is
not absorbed, the final state reads
1√
2
(
|0, 1〉A,B ⊗ |g, e〉+ |1, 0〉A,B ⊗ |e, g〉
)
, (70)
and the density matrix that describes the state of the ancilla particles is a
fully mixed state which contains only classical correlations, due to the remaining
entanglement with the delocalized particle. One may argue that this problem can
be circumvented if that particle is again measured in a coherent superposition of the
modes 1√
2
(|A〉 ± |B〉), after it has interacted with the ancilla particles. In this case,
the ancilla state again remains in an entangled state 1√
2
(|e, g〉 ± |g, e〉). The last
projective measurement, however, can only be performed after the modes have been
superposed at a beam splitter, and constitutes a global measurement on the system.
Hence, the requirements for a rigorous proof of non-locality by the violation of a Bell
inequality are not given [230].
It is to be retained that a rigorous experimental proof for the non-locality of mode-
entanglement of photons has been achieved, as discussed above [227, 228]. Moreover,
single-photon entanglement has also been purified [240], and theoretical schemes for
the detection of entanglement in one-particle many-mode entangled states are available
[241].
For massive particles, the issue is more intricate, since the SSR which inhibits
the local rotation of bases is of fundamental nature (see [234] for an illustration
of the analogies between massless and massive particles). As a way out, a pure
reservoir state with broad particle distribution can be shown to be a good reference
frame to circumvent the particle number SSR [242, 116, 208], in general. Since the
reservoir state in the scheme in [208] is shared by the two parties to ensure phase
coherence, no strict non-locality conditions are established. Furthermore, the quantum
correlations that are measured may have their origin in the entanglement between
spatial regions of the reference state, and not necessarily in the coherent delocalization
of a single massive particle. Also in this latter case, however, a Bell inequality violation
signals the mode-entanglement of massive particles, either stemming from the single
delocalized particle, or from the reservoir. Other proposals circumvent the particle-
number SSR by using two identical copies of the state under consideration, such that
one copy provides a phase reference for the other one [243], and no coupling to a
particle reservoir is necessary. The advancement of experimental techniques in the
field of ultracold atoms [244, 245, 246, 247], where mode entanglement is naturally
present [248], feed the hope that the issue of mode entanglement of massive particles
will be resolved in the near future.
3.5.4. Creation of mode entanglement Since a simple transformation of modes can
create a mode-entangled state, it is not surprising that a panoply of scenarios have
been designed to produce highly mode entangled multipartite states [249, 250, 251,
252, 253, 249]. All these schemes build on linear optics and on single-photon detectors,
hence consist of transformations of the modes and of projective measurements. In
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principle, the dimensionality of the subsystem states and the number of parties of a
multipartite quantum state which can be obtained with a limited number of particles
is unbounded [253]. Indeed, entanglement was verified, e.g., for a four-partite state
created with only one single photon [254].
3.6. Entangled degrees of freedom
Given the physical carriers of entanglement, it remains to choose the degrees of freedom
which define the subsystem Hilbert spaces. The spectra associated with these degrees
of freedom can be finite and discrete, infinite and discrete, continuous, or composed of,
both, a discrete and a continuous part. In general, any degree of freedom which can be
measured in different bases, i.e. which is not subjected to an uncircumventable SSR
(see Section 2.7.2), is a candidate to exhibit measurable entanglement. The actual
choice is, however, often determined by the actually achievable experimental control
over the respective degrees of freedom.
Photons are particularly versatile carriers of entanglement, since they were
shown to exhibit entanglement in various, distinct degrees of freedom. The most
prominent example is certainly their polarization degree of freedom. Already before
the prevalence of parametric down-conversion [255] which represents today’s most
versatile source for polarization-entangled photons, the implementation of quantum-
informational protocols [256] was mainly tested with polarization-entangled photons
stemming from the two-photon decay of excited atomic states [7, 8]. Other degrees
of freedom which support higher dimensional Hilbert spaces can equally well exhibit
entanglement: The orbital angular momentum [257, 258], the position and momentum
[259], the time [164], or the frequency axis [260].
Entanglement needs not involve the same degree of freedom in each subsystem,
even though these may be represented by identical physical entities (such as photons,
ions, molecules). If the degree of freedom that is entangled differs between the
subsystems, one talks of hybrid entanglement. For example, the polarization of a
photon can be entangled to the momentum of another one [261, 262], the arrival time
to the polarization [263], or the orbital angular momentum to the polarization [264].
Hyperentanglement (or multiparameter entanglement) denotes quantum correla-
tions that involve several, or even all different degrees of freedom of a single physical
particle: Any particle in a hyperentangled state is correlated not only in one degree
of freedom such as polarization, but also in several ones. Hyperentanglement was
successfully demonstrated for photons, including two photons that are hyperentan-
gled in three degrees of freedom, namely in their polarization, in their longitudinal
momentum, and in their mode [265]. Analogous experiments with photons entangled
in frequency, wave vector and polarization were reported in [266, 267]. The use of
several degrees of freedom of each particle naturally allows to realize high-dimensional
states with few particles, hence more information can be encoded in few carriers. One
impressive example is given by the 1024-dimensional, ten-qubit hyperentangled state
of photons in [268], where both the polarization and the mode degree of freedom define
the subsystem structure.
4. Atoms and molecules
In terms of the different facets entanglement can exhibit, as well as of the related
conceptual issues which need to be dealt with, atoms and molecules represent
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fascinating physical objects which bear all of the difficulties that were discussed in
Sections 2 and 3. In most hitherto existing experiments, however, these systems
were isolated and shielded from their environment, and most degrees of freedom were
neglected and decoupled from the ones of interest, such as to realize the quantum-
information abstraction of two qubits, with great success. However, atoms and
molecules naturally offer several other ways to encode entanglement, ranging from
atoms that are entangled with each other in their center of mass degree of freedom
(see Section 4.1), over the photons emitted in the course of a de-excitation or of a
recombination process (see Sections 4.2, 4.3), to the very constituents of the atoms,
i.e. to electrons entangled with nuclei (Section 4.4), or electrons entangled with each
other (Section 4.5). Thereby, they provide unique testing grounds for the direct
application of the conceptual tools we discussed above.
The studies that we will review hereafter employ the same physical object,
but they illuminate very different aspects of entanglement, and they are motivated
by different incitements. For unbound systems such as the products of a decay
process, means were established to quantify correlations and experimentally accessible
observables were proposed. For bound systems, the direct verification of entanglement
is out of reach: Prior to any measurement, the fragmentation of the system has to
be induced by some mechanism which necessarily impacts heavily on the quantum
correlations of the constituents, and thereby strongly changes their entanglement
properties. Alternatively, consequences of entanglement between the constituents
of bound systems for other physical phenomena such as the bosonic or fermionic
compound behavior were identified, and thereby indirect means for the verification
of entanglement were established. Finally, entanglement provides a benchmark for
approximation techniques in bound many-body systems, e.g. electronic entanglement
assesses the strength of the exchange-correlation energy in density functional theory
[50].
A particular case is the motional entanglement between atomic or molecular
fragments. The conservation of momentum and energy, and the isotropy of
the system enforces highly correlated fragmentation dynamics in three-dimensional
configuration space. The kinematic nature of these correlations in atomic and
molecular fragmentation processes provides a rather intuitive understanding of
their very existence and their strength. On the other hand, the advances of
experimental technologies have brought coherent phenomena in atomic processes on
the experimentalists’ agenda [269, 270, 271]. Today, a complete mapping of the
momenta of all fragmentation products is possible, and very strong and particular
correlations have indeed been recorded (see Section 4.6). The question whether the
interaction between fragments or between fragments and the environment cause the
deterioration of entanglement to merely classical correlations in the final (detected)
state, or whether rigorously quantum correlations persist is, however, open. It
constitutes both a challenge for the theory which needs to account for decoherence,
and for the experiment, in which one currently cannot perform a rotation of basis
in momentum/position space. While several means are available for quantifying
correlations, the nature of those, classical or quantum, has to be assessed with Bell
inequalities or by novel proposals such as the persistence of Cohen-Fano interferences
for fragmenting molecules, discussed in Section 4.5 [272].
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4.1. Entanglement between atoms
Dichotomic, or qubit-like, entanglement between the internal (electronic) states of
trapped ions is well established and documented (see e.g. [273], or [46] for a review
on the entanglement of trapped ions), while entanglement in the motional degrees of
freedom has only started to receive substantial attention [274, 275, 276, 179, 277].
One proposal to create and verify entanglement in atomic momenta involves the
Feshbach dissociation of a diatomic, ultracold molecule [278, 279]. Two subsequent
magnetic field pulses coherently prepare a molecule in a dissociating state which is
given as the superposition of an “early” and a “late” particle pair (one single pulse
does not suffice to dissociate the molecule deterministically), as illustrated in Figure
11. The resulting quantum state of the atomic fragments after the two pulses can thus
be written as
|Ψ〉 = 1√
2
(|e, e〉+ |l, l〉) , (71)
where |e〉 and |l〉 denote the quantum states of an atom released by the early, or
by the late pulse, respectively. This state has the form of the Bell state given by
(20), and can be considered as time-bin entangled, a type of entanglement that was
already verified for photons [164]. This dissociation time entangled state can be probed
by correlation measurements in different bases, in a Mach-Zehnder interferometer
[280, 281], such as to test a Bell inequality. The interferometer can be substituted by
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Introduction.—The possibility of entangling macro-
scopically separate, noninteracting particles challenges
our classical view of the world by putting into question
the concepts of realism and locality [1]. Nowadays en-
tangled states are routinely established with photons [2].
Also the internal states of material particles have been
entangled, e.g., using nonclassical light as a carrier for
the quantum correlations [3–7], or their Coulomb interac-
tion in an ion trap [8,9]. However, the original discussion of
entanglement focused on the motional state of massive
particles, whose spatial separation is a dynamic feature
of the entangled two-particle wave function [10,11]. The
latter is spatially extended, unlike with internal entangle-
ment, where the positions only play the passive role of
separating the parties. Since the positions and momenta are
quantum observables with a direct classical analog, an
observation of nonclassical correlations arising from mac-
roscopically distinct phase space regions would therefore
be a striking demonstration of the failure of classical
mechanics.
A convincing demonstration of nonclassical correlations
between two parties requires the experimental violation of
a Bell-type inequality [12]. In the simplest case, it involves
detecting dichotomic properties on each side, such as the
polarization of spin-1=2 systems, where a maximal viola-
tion is obtained if the spins are in a Bell state, say j!i ¼
ðj"i1j"i2 þ ei!j#i1j#i2Þ=
ffiffiffi
2
p
. Such a dichotomic property is
not readily available in the motional state of free, structure-
less particles. One possibility is to consider observables
which have no classical analogue, such as the displaced
parity or pseudospin operators used to discuss entangle-
ment in the ‘‘original EPR state’’ [13,14]. While they are
expedient for characterizing the quadratures of light fields,
their experimental implementation seems exceedingly dif-
ficult in the case of free, macroscopically separated mate-
rial particles, where only position measurements are easily
realized.
H re we aim instead at producing a motion l analogue
of he Bell state j!i and implementing a B ll t st which
requires a simple position measurement in the end. The
idea is to expose a diatomic molecule to a sequence of two
temporally separated dissociation pulses. Each of the two
counterpropagating dissociated atoms then has an early
and a late wave packet component corresponding to the
two possible dissociation times, and their correlation may
be called ‘‘dissociation time entanglement’’ (DTE), see
Fig. 1(a). If one regards these components as spin state
FIG. 1 (color online). (a) The two particles in a DTE state are
each characterized by an early and a late wave packet component
resulting from two different dissociation times. (b) Each particle
is passed through an unbalanced Mach-Zehnder interferometer
with a switch deflecting the early wave component into the long
arm, while conducting the late component through the short arm.
(c) The path difference is chosen such that the early and the late
wave packets overlap. Detecting the particle in an output port, at
a given phase ’ and splitting ratio #, amounts to a dichotomic
measurement analogous to a spin 1=2 detection in an arbitrary
orientation. The existence of DTE is established, implying a
macroscopically delocalized two-particle state, if the correla-
tions at the single-particle interferometers violate a Bell inequal-
ity.
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Figure 11. Courtesy of C. Gneiting and K. Hornberger [278]. Dissociation-
time entanglement scheme [279, 278]. (a) A series of pulses creates a coherent
supe position of particle pairs with early and late dissociation times. (b,c) With
the help of a switch which deflects the early wave component into the long arm of
an unbalanced Mach-Zehnder interferometer and leaves the late wave component
in the short arm, the wave packets are brought to interference. By changing the
phase ϕ and the splitting rati ϑ, projec ive measurements onto arbitrary basis
states can be performed. The detection of a particle in either one of the detectors
is recorded as σ1 = ±1 and corresponds to the projection onto one of the states
of the basis specified by the choice of ϑ and ϕ. Copyright 2008 by The American
Physical Society.
proper adjustment of the magnetic field pulse shapes, such that the late pair has a
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larger momentum than the early one, and interference between the early and late wave
packets occurs naturally. By increasing the delay between the dissociating pulses and
thereby between the wave-packets, the technique bears the potential to investigate the
length scales over which massive particles can be coherently delocalized. With more
intricate pulse protocols, e.g. the dissociation of the molecule with three or more
subsequent pulses into three or more pairs, also entanglement of massive particles
involving larger dimensions should in principle be accessible. A bottleneck for the
experimental realization of such protocols is the reproducibility of the magnetic pulse
sequence for the dissociation of the molecules: This is a crucial ingredient, to ensure
a stable relative phase between the early and the late component. On the other hand,
the two interferometers do not need to be have a fixed relative phase, which allows
macroscopic separations. Additionally, no spatial nor temporal resolution is required
for the particle detection. For the proposed molecular BEC produced from a balanced
spin mixture of fermionic 6Li, a temporal separation of τ = 1s between the early and
the late component and a dissociation velocity of vrel = 1cm/s are feasible [279].
4.2. Atom-photon entanglement
While the entanglement between particles of different kinds represents the
conceptually simplest case (see Section 3.1.1) and naturally occurs in all interacting
systems, it was experimentally verified only recently. A paradigmatic example is
provided by two electronic energy levels of an atom (a “two-level atom”) and a
photon which populates a single mode of the quantized electromagnetic field. Such
bipartite qubit-entanglement has been realized in cavity-QED [238] and in cold
atom experiments [282, 283, 284, 285, 286, 287]. Since experiment and theory of
this conceptually (not experimentally, though!) rather elementary scenario is well
established and documented [238], we focus here on advances in high-dimensional
entanglement in the external degrees of freedom, e.g. in the momenta of atoms and
photons.
In contrast to molecules that first need to be dissociated by some external field,
in order to provide two separate subunits, already the simple spontaneous decay of an
electronically excited atom under emission of a single photon constitutes an elementary
scattering process in which entanglement between the light field and the atom can be
studied.
4.2.1. Decoherence of atoms due to photon emission Such correlations in the
momentum of a spontaneously emitted photon with the momentum of the remaining
atom, which originate from momentum conservation in the spontaneous-emission
process, were measured in [288]. In general, when photons are spontaneously emitted
by atoms, the latter effectively loose their coherence, which leads to an observable
loss of fringe visibility [289, 290] in interference experiments. This decoherence of the
atomic states can be explained by the entanglement of the atoms with the emitted
photons and the subsequent loss of these photons and of the information they carry.
Formally, this loss corresponds to a partial trace over the photonic degree of freedom,
leaving the atom in a mixed state without the potential to exhibit interference. This
situation should be contrasted to the scenario discussed in Section 3.4, in which the
emitted photons are detected in a way that their which-way information is lost, and
the atoms remain mutually entangled.
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4.2.2. Occurrence and strength of atom-photon entanglement Under the assumption
that the atom has infinite mass and that it is described by a δ-localized wave-function
[291], no motional entanglement between the photon and the atom can arise, simply
because the atom is fixed in space. A theoretical treatment of the spontaneous decay
of an excited atom with emission of one photon shows that entanglement is naturally
present in the atom-photon system [292, 293] when the aforementioned idealization is
given up. Like in the case of a bound hydrogen atom discussed in Section 2.7.1, the
two-particle wave-function can be written in a factorized, i.e. unentangled, form when
a suitable transformation to collective coordinates is performed [294]:
|Ψsys〉 = |ΦCM〉 ⊗ |φrel〉 ∈ HCM ⊗Hrel
=
∑
j
√
λj |χ(j)at 〉 ⊗ |χ(j)ph 〉 ∈ Hat ⊗Hph, (72)
where |ΦCM〉 and |φrel〉 denote wave-functions that describe the center-of-mass-like
and relative coordinates of the atom-photon system, respectively (the collective
coordinates). On the other hand, |χ(j)at 〉 and |χ(j)ph 〉 refer to the atom and the photon
wave-function, respectively. For a physical choice of subsystems, namely of the atom
and the photon, however, entanglement is exhibited, as also immediate from the second
line of (72). Once again, the choice of subsystems is the key issue, as already discussed
in Section 2.7.1. Such motional entanglement, as quantified by the Schmidt number K,
(see Eq. (27)), is, in principle, unbounded since position and momentum are continuous
degrees of freedom [295]. In practice, however, only a finite number of discrete Schmidt
modes are occupied, i.e. the entanglement is typically rather low (in terms of Section
2.6, only few Schmidt coefficients λj do not vanish). This can be understood from a
kinematic argument which takes into account the mass discrepancy between the atom
and the emitted photon, and the restriction of available phase-space due to momentum
conservation. The Schmidt number of the resulting atom-photon entangled state turns
out to be inversely proportional to the line width of the transition [292]. This can
be understood intuitively: The narrower the transition, the better the energy of the
compound photon-atom system is defined, and the stronger the photon is correlated
to the recoiling atom. Specific three-level scattering schemes [296] could, in principle,
enhance the resulting entanglement between atom and photon [297, 293, 298].
As an elementary scattering process, the atom-photon system constitutes hence a
rather well understood scenario in which correlations are naturally present, and their
strength can be understood from kinematic arguments and conservation laws. Due to
this kinematic nature of their genesis, it is, again, the probing of the coherences of the
many-particle state that constitutes the biggest experimental challenge.
4.2.3. Coincidence measurements and wave-packet narrowing Under the assumption
that all observed correlations are of quantum nature, i.e. that the quantum state
under consideration is a pure state, correlations in position can be used to quantify
the entanglement between the atom and the photon [294, 299]. This very assumption
is, however, debatable, since an analysis based on correlations recorded in one specific
basis does not allow to exclude a merely classically correlated state (see Section 2.3).
Anomalous narrowing and broadening of the atomic and photon wave packets can
be quantified by coincidence and single-particle measurement schemes [294]. In other
words, when the position of the nucleus is known, the state of the photon is largely
determined, whereas without the information on the nucleus’ state, the width of the
observed photonic wavepacket is considerably larger.
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This argument can be made quantitative by studying the coincident probability
distribution P (rph, rat, t) of the photon (ph) and the atom (at), which are obtained
by fixing the position of one detector while varying the position of the other, and by
counting only coincident signals from both detectors. From the joined atom-photon
probability distribution P (rph, rat, t), the marginal distributions can be obtained,
P (rph, t) =
∫
dratP (rph, rat, t), (73)
P (rat, t) =
∫
drphP (rph, rat, t), (74)
which describe the wavepackets of the photon and the atom, respectively, when no
assumptions on the remaining particle is made, such that an integration over the
coordinate not under consideration is effectuated.
We denote the width, i.e. the variance of the probability distributions, by
∆r
(c)/(s)
ph (t), ∆r
(c)/(s)
at (t), (75)
for the photon and the atom, respectively, in the coincidence scheme (c) or for the
marginal distribution (s). The ratio
R(t) =
∆r
(s)
ph (t)
∆r
(c)
ph (t)
=
∆r
(s)
at (t)
∆r
(c)
at (t)
, (76)
then quantifies the correlations of the wave-functions and, thereby, the spatial wave-
packet narrowing : A smaller width in coincident detection as compared to the marginal
distribution is a consequence of correlations; by construction, R(t) ≥ 1. Wave-packet
narrowing can also be understood as “measurement-induced localization” [300]. For
t = 0, R corresponds to the Schmidt number K (see Eq. (27)): K = R(t = 0).
The entanglement inscribed into the system, and thereby the value of K, necessarily
remain constant, since the particles are non-interacting. However, the spreading of
wave packets leads to temporally increasing R(t) [299]. The presented scheme probes,
however, no coherences, but only correlations, as immediate from the probability
distributions given only in terms of position coordinates. Only if both the momentum
and the position can be measured, a full realization of the EPR paradox becomes
feasible [301].
4.2.4. Decoherence of the photon-atom system The interaction of the atom with
other background photons subsequent to photon emission leads to decoherence of the
entangled atom-photon system [298]. The timescale ∆tdis of disentanglement can be
estimated by modeling the environment as background photon bath. It turns out to
be inversely proportional to the average number of resonant photons in the heat bath
and can thus be increased by decreasing the temperature of the environment. On
the other hand, the disentanglement time ∆tdis is also inversely proportional to the
Schmidt number K. Hence, the timescale depends itself on the initial entanglement
of the state, and the more entangled the state, the faster its entanglement is lost. The
inclusion of other single body coherent effects like the dispersion of the atomic wave
packet are shown to be of no relevance for the entanglement in the system [293].
4.3. Photon-photon entanglement
Two-photon emission in de-excitation transitions in atoms and ions has been the first
source of polarization-entangled photons [7, 8, 302, 303, 304]. Due to conservation of
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energy, momentum, and angular momentum, photon pairs that are emitted in such
processes are, however, not only entangled in polarization, but also highly correlated
in energy and angular direction (i.e. in frequency and linear momentum). Correlations
are not only present within identical degrees of freedom, but the system also exhibits
hybrid entanglement (see Section 3.6), i.e. entanglement between different degrees of
freedom such as the polarization of one photon and the angular direction of the other.
Furthermore, the strength of polarization-entanglement may depend on the emission
angle, on the fraction of the available energy carried by one photon, and on the nuclear
charge, as shown in the theoretical studies reviewed hereafter [305, 306, 307, 308, 309].
4.3.1. Experimental progress Experimental studies of the correlations of photons
emitted in a two-photon decay have recently concentrated on highly charged ions, for
which relativistic effects become important. For such systems, only the total decay
rates and excited state life times were available until two decades ago [310, 311]. The
spectral distribution of the emitted photons was resolved later [312, 313, 314], and
today the spectrum of the two photons emitted, e.g., in the recombination of K-shell
vacancies of silver [315] and gold [316] can be measured, and are found in agreement
with theoretical predictions [317]. Indeed, the experimental accuracy is sufficient to
verify relativistic effects, e.g. in the two-photon spectrum of He-like tin [318].
This important progress in the experimental capabilities [319, 320] permits today
to detect photons in a wide range of energies, and to extract differential cross-sections
as a function of the energy redistribution among the photons, and of the opening
angle, even for photons in the X-ray regime. Also the polarization of hard X-rays,
for example in radiative electron capture into the K-shell of highly-charged uranium
ions [321, 322], becomes accessible. In the next years, the observation of polarization-
correlations of photons in the X-ray domain is therefore likely to become possible.
Thus, experiments analogous to those which measure correlations of low-energetic
photons in transition processes of light atomic species, as already performed three
decades ago [7, 8, 302], will soon be feasible for heavy nuclei, and for photons in
the X-ray regime. These developments have triggered an extensive research agenda
with the goal to fully characterize the emitted photon pair [323] in general atomic
two-photon decay processes.
4.3.2. Theoretical studies The first issue that was addressed by theoretical studies is
the dependence of the photon polarization properties on the emission properties, i.e.,
instead of back-to-back emission, an arbitrary geometry was considered. Already the
polarization of a single emitted photon depends on its emission angle with respect to
the polarization axis of the atom [307]. If two photons are emitted, the entanglement
between their polarization degrees of freedom strongly depends on the relative angle
of emission [305, 306], as also shown in Figure 12. It is also apparent that the photons
also exhibit angular correlations, i.e. they are not emitted isotropically.
In the non-relativistic dipole approximation, the Schro¨dinger-equation is solved
under the assumption of the interaction of the electrons with a spatially homogeneous
electric field (the wavelength of the photon is much larger than the dimension of the
atom) [324]. In this model, the polarization-state of the two photons can simply be
written as [306, 325]
|Ψ2γ〉 = 1
1 + cos2 θ
(|H,H〉+ cos θ |V, V 〉) (77)
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been utilized before in studying the violation of Bell’s in-
equalities by means of the two-photon decay of atomic deu-
terium !15". For !=90°, a more elaborate analysis is required
in order to explain the vanishing entanglement, although this
result might be expected in the nonrelativistic limit from the
well-known fact that, in atomic and nuclear physics, no cor-
relation occurs between the polarization states of two pho-
tons which are emitted under !=90° in a J=0→J=1→J
=0 radiative cascade !28".
Figure 1 applies for the case that the atoms in the excited
2s1/2 state are unpolarized. Using modern laser techniques,
most #valence-shell excited$ atoms can be polarized in a
given direction and with a predetermined degree of polariza-
tion. Therefore we shall analyze next how the angular distri-
bution and entanglement is affected if we consider the decay
of initially polarized atoms. In contrast to the unpolarized
case, three angles are required in order to fully describe the
photon emission. If we define the reaction plane #x-z plane$
to be spanned by the directions of the initial polarization
#quantization axis$ and the propagation of the first photon
!cf. Fig. 2", the #polar$ angle !1 is sufficient to characterize
the first photon, and the two angles !2 and "2 for the second
one.
For an initially polarized atom, Fig. 3 displays the angular
correlation and polarization entanglement as a function of
the #polar$ angle !2. Calculations have been done for the
emission of the first photon under the angles !1=0°, 30°, and
60° #with respect to polarization axis of the atoms$ and for
different angles "2. For !1=0° #left column$, the results for
the angular correlation and concurrence agree with the unpo-
larized case in Fig. 1 and do not depend on the second angle
"2 since the #initial$ axial symmetry of the overall system
must be preserved if the first photon is emitted along the
quantization axis. This situation changes for a photon emis-
sion under some angle, say !1=30° or !1=60°, and leads to
a shift in the graph of the concurrence to the right, i.e., to-
wards higher values of the angle !2, while the principal
shape of the concurrence does not change. However, both the
angular correlation and the #maximum degree of$ entangle-
ment decrease if !1, the angle between the polarization axis
x
z
y
!"!#
$"
P
FIG. 2. #Color online$ Geometric setup for the two-photon de-
cay of a polarized atom. The polarization axis P defines the quan-
tization axis. The first photon fixes the reaction plane #x-z plane$
and requires only one angle, !1. !2 and "2 describe the direction of
the second photon.
FIG. 3. #Color online$ Two-photon angular correlation #upper panel$ and polarization entanglement #lower panel$ as functions of the
angle !2 of the second photon for the 2s1/2→1s1/2 decay of initially polarized hydrogen. Results are shown for different combinations of the
angles !1 and "2.
RADTKE, SURZHYKOV, AND FRITZSCHE PHYSICAL REVIEW A 77, 022507 #2008$
022507-4
Figure 12. Courtesy of T. Radtke [305]. Two-photon angular correlation (upper
panel) and polarization entanglement quantified by the concurrence (lower panel),
in the 2s1/2 → 1s1/2-decay of initially polarized atomic hydrogen, i.e. for which
only one magnetic sublevel is populated. All values are given as a function of
the angle Θ2 between the polarization axis of the atom (the quantization axis)
and the first photon. Data are shown for different values of Θ1 – the angle
between the second photon and the polarization axis of the atom, and ϕ2 – the
emission angle of the second photon with respect to the axis perpendicular to
the plane spanned by the atom polarization and the emission direction of the
first photon. Angular correlations and the entanglement depend strongly on the
particular decay geometry defined by the three angles Θ1,Θ2, ϕ2. The probability
to find photons at a given emission angle is proportional to the angular correlation
function, which is shown here in arbitrary units. Copyright 2008 by The American
Physical Society.
where |H〉 and |V 〉 denote horizontal and vertical polarization with respect to the
emission plane of the photons, θ is their opening angle, and the factor 1/(1 + cos2 θ)
ensures normalization. For back-to-back emission, i.e. θ = pi, the state is maximally
entangled, while perpendicular emission, i.e. θ = pi/2, leads to a non-entangled two-
photon state. The entanglement properties of a photon pair emitted in such extreme
configuration (θ = pi or θ = pi/2) can also be derived by taking into account uniquely
the conservation of angular momentum, they hence do not provide information about
microscopic details of the decay process.
Whereas, in practice, the total two-photon decay rates are dominated by the
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dipole-transition and higher multipoles do not contribute significantly, the latter can
have a considerable influence on the correlations that are carried by the emitted
photons. The inclusion of relativistic and non-dipole effects – in an approach based on
the relativistic Dirac-equation in which the electric field is not assumed to be spatially
constant [326] – leads to a prediction that significantly differs from (77) [308, 309, 327].
In particular, the symmetry of the emission with respect to θ = pi/2, evident from
(77), is broken by non-dipole contributions. This effect is further enhanced for large
nuclear charges Z. Hence, multipole and relativistic effects do not only manifest in
strictly dipole-forbidden decay channels [325].
In an experiment, the initial state preparation of the atoms or ions is typically
not under perfect control, and one needs to account for an incoherent mixture of
the magnetic sublevels. This mixedness can jeopardize the entanglement in the final
photonic state. The 2s1/2 → 1s1/2 transition, however, is unaffected by the incoherent
population of magnetic sublevels: Due to angular momentum conversation, the final
two-photon state remains pure. In contrast, the incoherent preparation of the initial
state leads to a mixed final state for the 3d5/2 → 1s1/2 transition. The resulting,
mixed two-photon sate is of Werner type (see Section 2.3), under certain geometries
[328].
Beyond correlations in the polarization degree of freedom, entanglement also
prevails in other degrees of freedom. For example, the photon-photon emission angle
is correlated with the polarization of one photon - independently of the polarization of
the other one [329], i.e. the system exhibits hybrid entanglement, similarly as in the
studies discussed in Section 3.6. As concerns the verification of the quantum nature of
such correlations, a change of basis is achievable in the polarization degree of freedom,
though in the angle a change of basis was realized so far only for photons in the optical
range [330, 331].
The above studies have shown that photon-photon entanglement may display a
much more intricate behavior than one would expect by considering the conservation
of angular momentum alone. Relativistic effects significantly alter the symmetry
properties of the system, and thereby lead to observable consequences in the angular
correlations and the polarization entanglement. An inclusion of many-body effects
[332] into the theory promises the future design of probes of effects like parity violation
[333].
4.4. Entanglement between electrons and nuclei
The choice of electrons and nuclei as carriers of entanglement allows to consider bound
systems as well as fragmented ones. The fragmented systems exhibit close analogies to
the arguments presented in Section 4.2, where photon-atom entanglement is discussed,
adding final-state interaction and of the finite mass of the electron to the problem.
Again, kinematic intuition can explain the strength of momentum-correlations: The
discrepancy of the masses of the electron and the nucleus leads to a rather low
value of entanglement, whereas an analogous scenario of dissociating molecules with
balanced fragment masses results in stronger entanglement [51]. In this investigation,
besides the momentum of the incident photon, also the Coulomb interaction in the
final state is neglected, hence the effect of the possible deterioration of entanglement
due to interaction is not taken into account. The evolution of the state and of the
entanglement between the two particles is thereby constrained by the free-particle
two-body momentum and energy conservation.
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4.4.1. Bound systems: Composite behavior Electrons bound by a nucleus are
naturally entangled with it [103] in their external degrees of freedom. As we will
discuss hereafter, such entanglement between the constituents of any bound system can
be related to the compound’s bosonic or fermionic behavior and thereby provides an
important indicator for the strength of effects due to the composite nature of particles.
With the experimental realization of Bose Einstein Condensation (BEC) with bosonic
atoms, the question naturally arises to which extent composite particles can be treated
as elementary bosons [334], and under which conditions the underlying constituents,
i.e. the electrons, will manifest themselves and jeopardize the bosonic behavior of
the compound. Intuitively, one would relate the density of such composite particles
to their bosonic or fermionic behavior: Roughly speaking, if the wave-functions of
the electrons of different atoms start to overlap considerably, one would expect their
fermionic character to inhibit the composite system to behave as a boson. An upper
limit for the occupation number of composite boson states was derived formalizing
this idea [335], and applied to the problem of trapped hydrogen atoms. Typical
maximal occupation numbers of the ground state are shown to lie in the range of 1013,
while current experiments reach 106− 109, well below this bound. Composite bosonic
behavior is, on the other hand, not restricted to systems in which the constituents are
close in space and bound by interaction: Also non-interacting and spatially separated
biphotons can exhibit composite-particle properties, as demonstrated by experiments
measuring the de Broglie wave-length of an ensemble of entangled photons, defined as
λ/n where λ is the average wave-length of the photons, and n the average number of
photons in the ensemble [336, 337]. Hence, compositeness is not limited to spatially
bounded particles; the density of particles and the overlap of the wave-functions of
the constituents cannot constitute a universal criterion for composite behavior.
The entanglement between the constituent particles provides such a key quantity
that defines to what extent the bosonic/fermionic commutation relations for creation
operators of composite particles are valid [338, 339]. Given a composite system C of
two particles of type A and B, which are either both fermions or bosons, the compound
quantum state can be written in Schmidt decomposition as
|ΨC〉 =
∞∑
n=0
√
λn |φA,n〉 |φB,n〉 . (78)
The creation operator for a composite particle then reads
cˆ† =
∞∑
n=0
√
λnaˆ
†
nbˆ
†
n, (79)
where aˆ†n creates a particle in the state |φA,n〉, and analogously for bˆ†n. The
commutation relation of creation and annihilation operators cˆ and cˆ† becomes [338]
[cˆ, cˆ†] = 1 + s∆, (80)
where s = 1(−1) when A and B are bosons (fermions). Due to the term
∆ =
∞∑
n=0
λn(aˆ
†
naˆn + bˆ
†
nbˆn) , (81)
the creation/annihilation operators cˆ† and cˆ are not strictly speaking bosonic
operators. By analyzing quantum states of many composite C-particles, it turns out
that the Schmidt number K, (27), is a direct indicator for the composite behavior: The
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quotient N/K, where N is the number of composite C-particles in one quantum state,
needs to be very small in comparison to unity in order for the composite particles to
behave as bosons, i.e. the larger the entanglement, the better the composite particle
behaves as a boson. This can also be retraced intuitively from the structure of ∆ in
(81): This expression is indeed a combination of the Schmidt coefficients λn with the
number operators aˆ†naˆn and bˆ
†
nbˆn. The larger the Schmidt number K, the smaller are
the individual Schmidt coefficients and, consequently, also the expectation value of ∆.
For the hydrogen atom, it can be shown that the particle density above which
bosonic behavior breaks down, as obtained by such entanglement-based analysis [339]
roughly corresponds to the value previously derived in [335]. The formalism can also
be applied to other composite bosons such as Cooper pairs [340], and to the behavior
of non-elementary fermions [341].
The above treatment of the composite behavior has shown that certain problems
can have a universal solution under a quantum-information perspective that is not
restricted to a particular situation. Furthermore, the composite behavior can,
in principle, be probed experimentally, and thereby the entanglement between
constituents becomes accessible even without breakup of the whole system.
4.5. Electron-electron entanglement
Electrons as potential carriers of entanglement provide a rich Hilbert space structure
with bound and unbound spectra of compounds. They can carry entanglement in their
spin and spatial degrees of freedom, and entanglement can result from interactions, or
it can be induced by measurements [151, 185]. Due to the prevalence of the long-range,
inter-electronic Coulomb-interaction over spin-spin effects, however, most theoretical
studies concentrate on the entanglement in spatial (external) degrees of freedom.
Since the electron-electron-interaction varies in relative strength with respect to the
electron-nucleus-interaction, depending on the charge of the nucleus, both theory and
experiment can, in principle, access very different regimes. Indistinguishability plays
an important role, since the electronic wave-functions typically overlap in space and
the (anti)symmetrization of the spatial part of the wave-function thereby becomes
relevant.
Both the rigorous theoretical description and the experimental verification of
entanglement remains, however, a difficult challenge in this setting: In the experiment,
the spins of ejected electrons cannot be measured since the methods known from solid-
state physics [47] cannot be directly implemented for free electrons. For entanglement
verification in the external degrees of freedom, a measurement in a second basis in
addition to momentum cannot be implemented with state-of-the-art technology, since
the realization of a basis rotation analogous to the one realized for photons in [330, 331]
needs the implementation of electron lenses with strengths much superior than
currently available. One is therefore restricted to measurements of mere momentum-
correlations.
In theory, the many-body wave-function for many-electron atoms is necessary
for entanglement studies. While first steps were performed which allow to compute
the degree of entanglement via the electron density in special models such as the
fermionic Hubbard model [342, 343], such treatment is, up to now, not available
for atoms. The computation of the realistic many-particle wave-function requires,
however, large if not prohibitive numerical effort. Due to the non-integrability of
any non-hydrogenlike atom, theoretical studies of multi-electron systems have, so far,
CONTENTS 50
mainly focused on exactly solvable model atoms. While such models differ strongly
from real multielectron atoms - as concerns the interelectronic interaction and the
definition of the confining potential, they allow insight in some qualitative features.
They also constitute a testing ground for approximate techniques [344, 345, 346, 347]
which may help to study entanglement in more realistic atomic models in the future.
4.5.1. Harmonic confinement and interaction: The Moshinsky atom One exactly
solvable model-system for two bound electrons is the Moshinsky atom [348, 349]
which was initially introduced to characterize the reliability of the Hartree-Fock
approximation in interacting systems. In the model, both the confinement and the
interaction are harmonic. The Hamiltonian of the system reads (with masses and
actions measured in units of m and ~, respectively)
Hˆ =
1
2
(
Ω2xˆ21 + pˆ
2
1
)
+
1
2
(
Ω2xˆ22 + pˆ
2
2
)
+
ω2
2
(xˆ1 − xˆ2)2, (82)
where we denote the spring constant of the confining (inter-electronic) interaction with
Ω (ω). In center-of-mass and relative coordinates,
Xˆ =
1√
2
(xˆ1 + xˆ2) , xˆ =
1√
2
(xˆ1 − xˆ2) , (83)
the Hamiltonian factorizes in two independent harmonic oscillators in Xˆ and xˆ, with
frequencies ω and
√
2Ω2 + ω2, respectively, which permits a closed analytic solution
of the problem: The wave-function factorizes in these coordinates, and can be written
as
|nrel, nCM〉 = |nrel〉 ⊗ |nCM〉 , (84)
where the quantum numbers nrel and nCM denote the excitation in the relative and
in the center-of-mass coordinate, respectively. The relative strength τ = ω/Ω of the
interelectronic interaction determines the reliability of the Hartree-Fock calculation.
For τ = 1, the ground-state energy in the Hartree-Fock approximation amounts to
approximately 95% of the exact value [348]. This is consistent with an overlap of 94%
between the exact and the Hartree-Fock wave-function [349].
Some basic intuition for the particle entanglement in this system is gained under
the assumption that the electrons are distinguishable and do not carry spin [350]. Then
only the relative strength of the interelectronic interaction τ affects the entanglement
of the electrons. The entropy of the one-electron reduced density matrix, (30), can be
extracted for the ground state by purely analytical means and grows monotonically
with τ .
A slightly more complex model is realized by taking into account the spin degree
of freedom and the indistinguishability of electrons [351]. Due to vanishing spin-spin
and spin-orbit interaction, the total wave-function factorizes in a spatial, φ(x1, x2),
and a spin-component, χ(σ1, σ2). The symmetry of the spin-part of the wave-function
directly governs the symmetry of the spatial part, since the two terms must be of
opposite parity in order to obtain an antisymmetric compound wave-function. Due to
this dependence, one would expect that the parity of the spin part thereby governs
the entanglement of the system, but it turns out that it is the relative orientation of
the spins (parallel or antiparallel) which is a relevant parameter for entanglement, as
evaluated with the help of the properties of the single-particle reduced density matrix.
The electron-electron entanglement vanishes in the ground state for τ → 0, and it
is maximal for τ → ∞. For the excited states, however, the entanglement shows a
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discontinuous behavior at τ = 0: In the limit of very small interactions, i.e. τ → 0,
the entanglement remains finite in the case of antiparallel spins, only for τ = 0 the
system is non-entangled again. In this case, the system is non-entangled due to the
degeneracy of energy-eigenstates. In contrast, for parallel spins, the system shows
always a continuous behavior in the limit of small relative interaction strengths and
vanishes for τ → 0. As demonstrated by this study [351], the indistinguishability of
particles adds qualitatively new features as compared to the model of distinguishable
particles. A physical explanation for the exhibited, rather intricate behavior has,
however, not yet been achieved.
4.5.2. Coulombic interactions The harmonic interactions considered in the last
Section permitted an analytical treatment of the model-atoms and a straightforward
evaluation of entanglement measures. The next step towards a more realistic scenario
consists in including the Coulomb interaction into the model. Already for two
electrons bound by one nucleus, however, an analytical treatment is impossible, and
the numerical treatment is difficult due to the triple collision singularity, i.e. the
attractive fixed point of the classical phase-space flow for which both electrons fall
into the nucleus, symmetrically, along the collinear axis. Only strongly simplified
models have been in the focus of recent studies. Since the nonregularizable triple
collision singularity constitutes one of the dynamical key features of the three-body
Coulomb problem [352, 353, 354, 355], its neglect eliminates one of the sources of
classically chaotic dynamics in the three body dynamics. Chaos, however, implies the
abundance of avoided crossings on the spectral level, and the latter have been shown
to be associated with entanglement in interacting many-particle systems [356].
One-dimensional helium is studied in [357], where the two electrons are restricted
to a one-dimensional space, such that they are always on opposite sides of the nucleus
(the eZe-configuration). Effectively, one deals with a one-dimensional atom with
charge Z = 2 and two spin-free electrons. The Hamiltonian thus reads
H =
pˆ2x
2
− 2
xˆ
+
pˆ2y
2
− 2
yˆ
+
1
xˆ+ yˆ
, (85)
where x, y > 0 denote the distance of the two electrons to the nucleus, and the
Coulomb interaction between the electrons is described by 1/(xˆ+ yˆ). The two-particle
wave-functions, on which the analysis of the entanglement in the system is based, are
obtained by using the analytically exact solutions of the single-electron problem,(
pˆ2x
2
− 2
x
)
φn(x) = Enφn(x). (86)
The Hamiltonian H is then evaluated in the truncated product basis,
Ψi,j(x, y) = φi(x)φj(y), (87)
and it is diagonalized numerically. The electrons always remain spatially separated, no
overlap of their wave-functions in space can occur, and thereby the indistinguishability
does not play any role. The singularity between the electrons and their vanishing
overlap does not prevent entanglement to be generated, and, again, the entanglement
grows with the state’s energy.
Other simplified model atoms include the Crandall atom (harmonic confinement
and 1/r2-interaction), and the Hooke atom (harmonic confinement and Coulomb
interaction, a good description for two electrons in a quantum dot) [358]. The
indistinguishability and the spin degree of freedom of the particles were included,
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but no spin-orbit interaction. The features already encountered for the Moshinsky
atom in [351] were reproduced qualitatively by both models: The entanglement grows
with relative interaction strength and with the excitation. For antiparallel spins, the
limit of vanishing interaction strengths does not necessarily yield a non-entangled
state. The entanglement measures in [358] are identical to those used in [351], and
it remains open whether this discontinuity effect has to be considered an artifact of
the entanglement measures that are used, or whether a physical explanation will be
provided in future.
A numerical study of entanglement [358] can also be performed on helium-like
atoms using eigenfunctions of the Kinoshita type [359], which are a modification of
the Hylleraas expansion [360]. In the study [358], the wave-function is approximated
with functions of the following form [361],
|ΨN 〉 = e−χs
N∑
j=1
cjs
lj/2
(
t
u
)mj (u
s
)nj/2
, (88)
where s = |~r1| + |~r2|, t = |~r1| − |~r2| and u = |~r1 − ~r2| naturally satisfy the triangle
inequality, s ≥ u ≥ |t|. The exponent χ, the mixing coefficients {cj} and the
non-negative integers {lj ,mj , nj} are parameters that are determined numerically
[361]. The entanglement of the ground state is again lower than the entanglement
of the triplet or singlet excited states. The ground-state entanglement decreases with
increasing nuclear charge Z, which can be understood, again, as caused by the relative
decrease of the electron-electron-interaction strength.
4.5.3. Quantum critical points A connection between the behavior of entanglement
at quantum critical points and at the ionization threshold in a few-electron atom is
drawn in [362] for the entanglement in the ground state of a spherical helium model in
which the Coulombic repulsion between electrons is replaced by its spherical average.
In this, again, effectively one-dimensional model, the von Neumann entropy (see (30))
of the reduced density matrix of one electron in the Helium ground state exhibits
singular behavior at the critical point, i.e. for the value of Z for which the system
becomes unbound. For the excited triplet state [363], the scaling properties of the von
Neumann entropy is shown to be qualitatively different: Due to the opposite symmetry
of the spatial part of the wave-function (antisymmetric ground state and symmetric
triplet state), the entanglement is a continuous function of the nuclear charge. This
can be understood from the fact that the ionized system possesses the same symmetry
as the triplet state, while the symmetry of the ground state and the unbound system
are distinct.
4.5.4. Conclusions In general, while the quantum information tools presented in
Section 2 are today available to study the entanglement of electrons in atoms, the
complexity of many-electron atoms has not yet permitted a quantitative and realistic
treatment. Still, a consistent picture that provides kinematic intuition emerges from
the available studies: The entanglement grows, as expected, with the interaction
between the electrons and with the energy, or principal quantum number, of the state.
This observation is consistent with the fact that the Hartree-Fock approximation
deteriorates when one considers highly excited states [348]. These properties are
contained in all models that were considered so far. Also, a growing spatial separation
of two particles is not a direct indicator for a smaller degree of entanglement they
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exhibit: Indeed, in the above models, the typical distances grows with larger energies,
and so does the entanglement. Given the qualitative agreement of all existing studies
this tendency is expected to persist in future studies with more accurate electronic
wave-functions. However, with the onset of chaotic dynamics, qualitatively new
features can be expected [356, 364, 365, 366, 367].
The state energy and entanglement were also shown to be not always
monotonously dependent on each other, even in these simplified models [351].
Entanglement thus offers an additional, independent analytical quantity in the study
of atoms. The interplay of interaction and indistinguishability of particles has lead
to interesting first results which we, however, do not yet have intuitive understanding
for. It is unclear how the indistinguishability will manifest in systems for which more
degrees of freedom, spin-orbit-coupling and other relativistic effects are incorporated.
4.5.5. Entanglement of ionized electrons In the process of single-photon double-
ionization of atoms [368], a Werner state in the spins [49] emerges (see Eq. (16)). In the
case of vanishing coupling between spins and angular momenta, the entanglement of
the final state is fully determined by conservation laws and thereby totally independent
of the details of the process. It can thus be inferred by the sole knowledge of the
electrons’ energies. In contrast, spin-orbit interaction induces dependences of the
entanglement on the incident photon’s polarization [369]. The same argument applies
also for the spin correlations of electrons ejected in the photoionization of linear
molecules [370]: They turn out to be widely independent of their spatial correlations,
and, in the absence of spin-dependent interactions, the degree of entanglement can be
predicted purely from conservation laws. It does, however, sensitively depend on the
kinematic details of the process when spin-orbit interactions are included and thereby
spatial symmetries are broken.
4.6. Experiments with electrons: From two-center interference to two-particle
correlations
The above theoretical studies on entanglement between the spins of ejected electrons
show again that a simple picture based on conservation laws has to be refined
when a more realistic and intricate interaction is considered. The verification of
spin-correlations between ejected electrons is, however, out of reach for current
technology. In contrast, experimental progress has permitted detailed measurements
of momentum-correlations between electrons, as we discuss hereafter.
4.6.1. Cohen-Fano interference The two-center interference of single electrons has
been a subject of intense theoretical and experimental studies. With the advance
of reaction microscopes, the implementation of the original proposal of the Cohen-
Fano interference in the photo-ionization of molecules has finally become possible.
Oscillations were predicted in the cross-section which depend on the ejection angle of
the photoelectron with respect to the molecular axis [371]. These can be interpreted as
the result of the interference of two inequivalent paths induced by the presence of the
two nuclear centers and the previous delocalization of the electron at these two centers.
Interference patterns, predicted by theoretical calculations of the photoionization of
homonuclear molecules (see, e.g., [372, 373] for recent discussions) could be verified
in experiments that use photoionization [374] or other scattering mechanisms such as
impact ionization [375, 376, 377, 378]. The mechanisms which lead to the breakdown
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of the interference pattern are also rather well understood: For asymmetric molecular
configurations, partial localization of the emitted electrons takes place [379], as also
probed experimentally for CO2 in [380]. Due to the breaking of the symmetry, a
preferred direction emerges which also leads to an asymmetric electron emission. Such
asymmetry can also be induced for homonuclear molecules simply by the polarization
of the absorbed photon [381].
In such processes, also decoherence of the single-electron states plays an important
role [382]. In order to observe the interference pattern, the wavelengths of the directly
ejected and the scattered wave need to coincide, and an interaction with one center
which affects one of the pathways can jeopardize this coherence. Indeed, for large
kinetic energies, the interaction at one center is strong enough to inhibit interference
of the two pathways, and the interference pattern is lost.
Despite being a single-particle interference effect, a connection of Cohen-Fano-
interference to entanglement was recently proposed in [272]. The scheme aims at
probing the delocalization of the electronic wave-function over separated nuclei and
thereby at probing the persistence of mode entanglement. The pump-probe-protocol
first dissociates a H+2 molecule. After a certain delay time, in which the fragments
fly apart, the probe pulse eventually also photoionizes the fragments and the ejected
electron is recorded. The persistence of Cohen-Fano interferences for large delay times
would show that even at large internuclear distance the electron can be well delocalized
over two separated nuclei, whereas its absence would indicate that the state needs to
be described by a classical mixture. In this sense, Cohen-Fano interferences witness
mode-entanglement of a single delocalized electron: Such state of two separated nuclei
and a single electron that is in a coherent superposition of being bound by either one of
them realizes single-particle mode entanglement (see Section 3.5), this time, however,
with a massive, charged particle. The experimental proposal hence opens a route to
probe whether there are bounds to the distances over which massive particles can
be delocalized, and its realization bears the potential to contribute to the debate on
mode-entanglement mentioned in Section 3.5.
4.6.2. Two-electron measurements The success in the verification of coherent single-
particle effects [382] has recently also lead to a consideration of the impact of coherent
many-particle phenomena. The treatment of the photo-induced breakup of the H2-
molecule was proposed in [383] and experimentally performed in [28] using the Cold
Target Recoil Ion Momentum Spectroscopy (COLTRIMS) [384] technique. In this
experiment, molecular hydrogen is doubly photoionized, and all reaction products are
collected, such that a full reconstruction of all momenta takes place. This permits
also to measure the orientation of the molecule in space, and thereby the emission
angles of the electrons with respect to the molecular axis. The data show that when
energy sharing between the electrons is very unbalanced, i.e. one electron acquires a
much larger kinetic energy than the other one, both electrons exhibit a Cohen-Fano-
like interference pattern in their direction of emission. If, however, the electrons share
the kinetic energy in a more balanced way, the single-electron interference pattern
vanishes. This can be understood from the interaction between the electrons that is
important in such range of energy sharing. If the data is filtered (postselected) to a
given emission angle of one electron, an interference pattern re-emerges for the other
one, i.e. the electrons are strongly correlated. The data, reproduced here in Figure
13, thereby suggests that entanglement between the outgoing electrons is responsible
for the correlations that are visible between their emission angles. Such interference
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The deviations from the double-slit predic-
tion can be understood from the somewhat
more elaborate theoretical treatment shown in
Fig. 1E. By treating the electrons as spherical
waves, the simple approximation in Eq. 2 ne-
glects the fact that the electrons are ejected by
circularly polarized light and further that they
must escape from the two-center Coulomb po-
tential of the two nuclei. The helicity of the light
leads to a slight clockwise rotation of the an-
gular distribution, as seen in the experiment and
the more elaborate calculations. The Coulomb
interaction with the nuclei has two major effects.
First, the wavelength of the electron in the vi-
cinity of the protons is shorter than the asymp-
totic value. This property modifies, in particular,
the emission probability along the molecular
axis due to a phase shift in the nearfield (21).
Second, the original partial wave emerging from
one of the nuclei is scattered at the neighboring
nucleus, thereby launching another partial wave.
Thus, the final diffraction pattern is the super-
position of four (or more) coherent contribu-
tions: the primary waves from the left and right
nuclei and the singly or multiply scattered
waves created subsequently in the molecular
potential. We performed two calculations to take
the helicity of the photon, as well as multiple
scattering effects, into account. The first calcu-
lation (red line in Fig. 1E) was based on the
random phase approximation (RPA) (22), and
the second (black line in Fig. 1E) entailed a
multiple scattering calculation, wherein a spheri-
cal wave is launched at one proton (23). This
wave is then multiply scattered in the two-center
potential of two protons, which is terminated at
a boundary. The direct and multiple scattered
waves are then coherently added and symme-
trized. Although conceptually very different,
both calculations account for all of the relevant
physical features: the two-center interference de-
termining the position of minima and maxima,
the molecular potential altering the relative height
of the peaks, and the helicity of the ionizing
photon inducing a rotation. The details of the
molecular potential differ in the calculations.
The RPA uses a Hartree-Fock potential, whereas
the multiple scattering calculation assumes two
bare protons.
The full calculations treat the emission of a
single electron. Therefore, their good agreement
with the experimental data (Fig. 1D) obtained
from double ionization might be surprising. This
suggests that the additional emission of a slow
electron does not substantially alter the wave of
the fast particle. For the particular case in which
the electron pair consists of a fast and a very
slow electron, the diffraction of a coherent elec-
tron pair can be treated by simply neglecting the
slow electron.
This simple one-particle picture completely
fails in scenarios where lower primary and higher
scattered electron energies result in stronger cou-
pling between the electrons. Figure 2, A and B,
shows the results for different energy partitions
of the first and second electron after ionization
by 160-eV photons. Whereas for E1 ≈ 110 eV
and E2 < 1 eV the interference is still visible
(Fig. 2A), it completely disappears when E1 ≈
95 eV and 5 eV < E2 < 25 eV (Fig. 2B). In the
latter case, the distribution approaches the iso-
tropic result without two-center interference. By
comparing these data to the corresponding the-
oretical estimates (Fig. 2, C and D), we can now
show that the observed loss of interference con-
trast is a result of decoherence and not of the
changing electron wavelength.
Coulomb interaction between two quantum
mechanical systems (electrons 1 and 2 in our
case) does not destroy phases. Rather, it en-
tangles the wave functions of the two subsys-
tems (24, 5). In our experiment, we observed
both electrons in coincidence. Therefore we can
investigate this entangled two-particle system to
search for the origin of the apparent loss of co-
herence in a single-particle subsystem. Figure 3
shows the correlation in this two-body system.
The horizontal axis is the angle of the fast-
electron momentum, with respect to the molec-
ular axis (i.e., the angle that is plotted in all
other figures). The vertical axis is the angle
between the two electron’s momenta. It may
be helpful to think of the horizontal axis as the
scattering of electron 1 by the double slit and
the vertical axis as the scattering angle be-
tween the electrons. Marked interference pat-
terns emerge in this display of the two-particle
wave function. No vestige of these patterns re-
mains, however, if the distribution is integrated
over the vertical axis.
When subsets of the data with restricted an-
gular ranges of Fe−e = +70 ± 20° (Fig. 3, B and
C) and Fe−e = −70 ± 20° (Fig. 3, D and E) are
examined, then the interference pattern is resur-
rected (here, Fe−e is the angle between both elec-
tron trajectories). However, depending on the
angle between the electrons in the selected subset
of the data, the interference pattern is tilted to the
right (Fig. 3C) or left (Fig. 3E). Without the re-
striction of this relative angle, the shifted minima
and maxima cancel each other out, leading to the
almost isotropic distribution of Fig. 2B.
The interference maxima are concentrated
along two horizontal lines. These lines of highest
intensity lie at a relative angle of about 100°
between the two electrons. This distribution is a
well-known indication of the mechanism where-
by the absorption of a single photon by one
electron can induce its ejection, as well as that
of the other electron, after their binary collision
A B
DC
Fig. 2. (A) Electron angular distribution as in
Fig. 1D but for Eg = 160 eV, E2 < 1 eV, and E1 ≈
110 eV. (B) Eg = 160 eV and 5 eV < E2 < 25 eV,
resulting in E1 ≈ 85 to 105 eV. (C and D) Angular
distribution of a single electron of energy Ee for
the energy distributions in (A) and (B), respec-
tively. Red, Eq. 2; blue, RPA calculation; black,
multiple scattering calculation.
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Fig. 3. Correlation between both electrons for double photoionization of H2 at Eg = 160 eV and 5 eV <
E2 < 25 eV, corresponding to E1 ≈ 85 to 105 eV. (A) x axis: angle of fast electron to the molecular axis
(Fe–mol) (see Fig. 1C), and y axis: angle Fe−e between the two electrons. Both electrons and the
molecule are selected to lie within ±30° of the polarization plane. Thus, Fig. 2B is a projection of this
figure onto the horizontal axis. (B) Projection of (A) onto the horizontal axis for 50° < Fe−e < 80°. (C)
Polar presentation of the data shown in (B). (D) Projection analogous to (B) for −80° < Fe−e < −50°.
(E) Polar presentation of data shown in (D).
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Figure 13. Courtesy of R. Do¨rner [28]. Electron-electron correlations in the
double-photo-ionization of molecular hydrogen [28], for photon-energy Eγ = 160
eV, and the energy of the second electron conditioned in the range 5 eV< E2 <25
eV, c rresponding to E1 ≈ 85 eV to 105 eV. Panel A: Event number as a function
of the angle between molecular axis and fast electron Φe−mol, and between
both electrons Φe−e. Panel B: Event distribution in Φe−mol conditioned on
50◦ < Φe−e < 80◦. Panel D: Same for -80◦ < Φe−e < −50◦. Panels C,E: Polar
data corresponding to B and D, respectively. Note that when one selects the whole
range of Φe−e, the resulting distribution in Φe−mol results to be homogeneous and
looses the structure exhibited in B-D. From [28]. Reprinted with permission from
AAAS.
was observed for the same setting also in the sum of electron momenta [385]. It is
visible in the momentum distribution of the individual electrons only for extremely
asymmetric energy sharing, while it always persists for the sum of moments.
The evidence of entanglement in these experiments is rather strong: Instead of
probing a purely kinematic effect, the persistence of single-particle interference is
assessed. Indeed, particles loose their ability to exhibit perfect interference fringes
when they are entangled to other particles. By the selection of the electrons
in certain ranges of energy sharing, one can effectively select different regimes of
mutual interaction strength. Thereby, it is probed how the interaction between the
electrons affects the interference pattern. On the other hand, only observables which
commute with the momenta of the electrons are measured, and, strictly speaking, the
correlations that are found can also be reproduced by local realistic theories, similarly
as discussed below in (92).
4.6.3. Entanglement and symmetry breaking An entanglement-based study proposes
a resolution to the question whether a core vacancy created in a diatomic homonuclear
molecule by ionization is localized at one center, or delocalized. By photo double
ionization of N2 and collection of both the photoelectron and the subsequently ejected
Auger electron, it was shown [386] that the two electrons are, again, highly correlated:
If conditioned on the photoelectron to be emitted in the direction of the molecular
axis, the remaining Auger-electron is left distributed asymmetrically. In contrast, if
the photoelectron is detected perpendicularly to the molecular axis, i.e. without any
preferred direction, also the Auger electron seems to be ejected from a delocalized
state, as suggested by its angular distribution. This is clearly observed in the data
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shown in Figure 14. Hence, the electrons are anti-correlated, independently of the
The results shown in Fig. 1, C and D, for an
assumed delocalized core hole were calculated
from the square of the 1sg amplitudes in Eq. 1.
The case of the localized core hole was calculated
by a coherent sum of the gerade and ungerade
amplitudes with equal weight for the g and u
states. In general, although the calculations pro-
vide two different types of distributions (local-
ized and delocalized) for the Auger electron and
the photoelectron, the experiment shows that the
emission pattern depends on the observation angle
of either the Auger electron or the photoelectron.
The experiment was performed at the
Advanced Light Source of Lawrence Berkeley
National Laboratory via the cold target recoil ion
momentum spectroscopy (COLTRIMS) tech-
nique (22, 23). Circularly polarized photons
(419 eV) from beamline 11 were intersected with
a precooled supersonic beam of N2 in the vibra-
tional ground state. The photoelectron was guided
by parallel electric (12 V/cm) and magnetic
(6.5 G) fields toward a multichannel plate de-
tector (diameter 80 mm) with delay-line position
readout (24). Those N2
2+ ions that fragmented
within 15° parallel to the electric field axis of
our spectrometer were guided toward a second
position-sensitive detector, 72 cm from the inter-
action point. From the position of impact and the
time of flight of the photoelectron and ions, we
could determine their vector momenta. To im-
prove the ion momentum resolution, we used a
three-dimensional time and space–focusing ion
optics setup [see figure 12 in (22)]. Momentum
vectors of the photoelectron and the two ions
from the four-body final state (ephoto, eAuger, N
+,
and N+) were measured directly, whereas the mo-
mentum of the fourth particle, the Auger electron,
was obtained through momentum conservation.
The experiment yielded the full 4p solid
angle distribution for the Auger electron and
photoelectron and ~1% solid angle for the ion
momentum. We obtained an overall resolution
of better than 50 meV for the KER and 0.5
atomic unit momentum resolution on the center
of mass motion (the calculated Auger electron).
The breakup is known to be much faster than the
rotation, so the direction of the N+ fragments
coincides with the direction of the molecule upon
photoabsorption (25) [axial recoil approximation
(26)]. By coincident measurement of electron
and fragmentation direction, we determined the
electron angular distributions in the body-fixed
frame of the molecule without aligning the gas-
phase molecule in advance (27). The data were
recorded in list mode, so any combination of
angles and energies of the particles could be
sorted in the off-line analysis without repeating
the experiment. All spectra reported were taken
simultaneouslywith the same apparatus to reduce
possible systematic errors.
The coincident detection measurements di-
rectly show the localized character of the emis-
sion site for certain emission angles of the Auger
electron. Figure 2A displays the photoelectron
angular distribution for a 9-eV photoelectron
ejected by circularly polarized light in the
molecular frame. No specific Auger electron
direction is selected in this spectrum (noncoinci-
dent detection). The data agree very well with
similarly measured published data (28). The
distribution has inversion symmetry because the
N+ fragments are indistinguishable. However, if
we examine a subset of these data in which the
Auger electron is emitted at an angle of 80° with
respect to the molecular axis, the inversion sym-
metry of the photoelectron angular distribution is
strongly broken (Fig. 2B). These coincident data
closely resemble the pattern found for carbon
K-shell ionization in CO, shown in Fig. 2C for
comparison. CO is isoelectronic with N2, and the
carbon K shell is selected by the energy. The
comparison suggests that in Fig. 2B the K hole in
N2 is localized to the right.
We now show that the results presented in
Fig. 2 strongly depend on the choice of direction
of the Auger electron. The angular distributions
of the Auger electron and photoelectron are
shown in Fig. 3, A and F, respectively. In both
cases, the corresponding other electron is not
detected (integrated over all angles in our case):
The experiment thus measures the incoherent
sum of the theoretical amplitudes for the gerade
and ungerade contributions. Although theoret-
Fig. 3. Auger electron and photoelectron angular
distributions in the molecular frame for circularly
polarized light with an incident energy of Eg =
419 eV. Dots are experimental data; lines represent
theory according to Eq. 1. Themolecular axis (N2) is
shown by the barbell, and the photon propagation
direction is into the plane of the figure. (A to E)
Auger electron angular distribution; (F to J) pho-
toelectron angular distribution. (A) and (F), non-
coincident detection (integrated over the second
electron); (B) to (E), Auger electron distributions
when photoelectrons are emitted at selected angles
as indicated in (F); (G) to (J), photoelectron dis-
tributions when Auger electrons are emitted at
selected angles as indicated in (A). (K) The same
data as in (A), but not in polar form. The pink and
green lines represent the g and u contributions;
the black line is the sum.
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Figure 14. Courtesy of M. Scho¨ffler [386]. Auger electron and photoelectron
angular distributions in the molecular frame, for circularly polarized light with
Eγ = 419 eV. Dots denote experimental data, lines the theoretical prediction, Eq.
1 in [386]. The molecular axis is depicted by the barbell, the photon propagates
into the figure plane. A and F show the non-condition d data for Auger electron
and photoelectron. By conditioning on selected angles f the Auger elec ron as
in A, the distributions G-J result for the photoelectro . On the o her hand,
by selecting the photoelectron as shown in F, the Auger electron adopts the
distributions B-E. From [386]. Reprinted with permission from AAAS.
choice of the emission direction of the first one. The filter that fixes the emission
direction to a certain angle can be interpreted as a choice of basis from either left and
right localized states {|L〉 , |R〉} or even and odd, delocalized states {|E〉 , |O〉}. The
latter are defined as follows for Auger (A) and photo (P) electrons:
|E〉A/P =
1√
2
(
|L〉A/P + |R〉A/P
)
, (89)
|O〉A/P =
1√
2
(
|L〉A/P − |R〉A/P
)
. (90)
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The electrons seem to be neither localized nor delocalized, but in an entangled
state such that the condition of (de)localization imposed on one electron implies the
(de)localization of the other. As a simple model, we can consistently describe the
observed data with the following quantum state
|Ψ〉 = 1√
2
(|R〉A |L〉P − |L〉A |R〉P )
=
1√
2
(|E〉A |O〉P − |O〉A |E〉P ) . (91)
One has to retain, however, that this “change of basis” performed by the condition on
certain emission angles relies on strong model-assumptions: Effectively, only momenta
are, again, measured. No information on any expectation value of observables that do
not commute with the momentum is obtained, and the a-posteriori conditioning on
a certain angle does not correspond to an active choice of different, non-commuting
observables. The requirements for the violation of a Bell inequality (see Section 2.3)
are therefore not met. Strictly speaking, the data currently cannot rule out a separable
mixed state of the following form:
ρ ∝ p1 |L〉A |R〉P 〈L|A 〈R|P + p2 |R〉A |L〉P 〈R|A 〈L|P
+ p3 |O〉A |E〉P 〈O|A 〈E|P + p4 |E〉A |O〉P 〈E|A 〈O|P , (92)
where the pi are the probability weights of the respective pure states. This
state describes a purely probabilistic mixture of anti-correlated electron pairs, and
corresponds to a local-realistic model which simulates the acquired data, and does
not require entanglement. These equations reflect again very directly the problem of
distinguishing a classical mixture, as given in (1), from a coherent superposition as in
(2), when only the correlations in one basis are measured.
5. Conclusions and outlook
In fact deeply rooted in atomic physics that initially stimulated the very development
of quantum mechanics, entanglement has now largely overcome its restriction to the
reductionist form of bipartite qubit correlations of some internal degree of freedom.
It is a phenomenon sought under natural conditions which has become a tool for the
deeper understanding for naturally occurring, typically complex systems, and thereby
returns to its very conceptual origins. Simultaneously, it provides an analytic tool
for many-body phenomena that are hard to understand in terms of single-particle
observables.
Given a fixed subsystem structure, a complete mathematical apparatus,
insinuated in Section 2, is available today for the characterization of entanglement,
despite the computational difficulties for the characterization of entanglement in mixed
states with many parties and dimensions. Conceptual difficulties like the problem of
identical particles, discussed in Section 3, turned out not to possess a universal solution
which can be applied like an all-purpose tool to all possible situations. Knowledge
on the physical setup and the observables under consideration and, especially, on the
restrictions which potentially apply for measurements are necessary to find the suitable
treatment in a given scenario.
First studies on entanglement in bound systems of electrons have emerged, in
which, however, the combined effects of the particles’ indistinguishability, the long-
range character of the Coulomb-interaction and the spin-orbit coupling have not yet
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been fully incorporated. Where the electrons’ indistinguishability was taken into
account, the very intrinsic feature of identical particles, however, i.e. measurement-
induced entanglement (see Section 3.4), has not yet found applications in interacting
systems apart from a Fermi gas model with screened Coulomb interaction which does
not affect the spins, i.e. the degree of freedom in which entanglement is considered
[192, 193]. While, conceptually, the possession of a complete set of properties
defines a physical reality and characterizes a separable subunit, measurement-induced
entanglement beyond the engineered examples mentioned in Section 3.4.1 can be
expected in many situation, e.g., between electrons ejected from the same orbital
quantum state. In systems in which both the particles’ indistinguishability and their
mutual interaction play a prominent role, effects that can not be explained in terms of
one of these aspects alone and hence require the understanding of their subtle interplay
can be expected [387].
As opposed to bound systems in which entanglement is present due to a
permanent binding interaction, the unbound decaying systems we have reviewed
typically share the same physical reason for the existence of quantum correlations:
Conservation laws for energy and momentum leave the fragments entangled in these
very degrees of freedom, at any range of energy, from Feshbach-resonance induced
decay of ultracold molecules [279] in the very low energy range, to electron-positron
pairs created at very high photon energies [388]. A quite intuitive feature is that the
degree of entanglement between products which are very unbalanced in mass tends to
be smaller than between constituents of similar properties, simply due to kinematics
and conservation of momentum. This rule of thumb can, however, be circumvented
with suitable schemes [297, 293], which shows that entanglement adds a qualitatively
new feature to the description of dynamical systems which cannot be completely
reduced to kinematical quantities. The understanding of entanglement is hence by
far not completed by considering the kinematics of processes: The very distinction
between classical and quantum correlations and the mechanisms which lead to the
breakdown of coherences remain the most important issues that need to be addressed.
The quantification of wave-packet narrowing emerged as tool for the verification of
correlations between the fragments. It holds the disadvantage that it only provides
a clear signature for entanglement under the assumption of pure quantum states,
i.e. it cannot distinguish classical and quantum correlations. Correlations were indeed
recently verified [386, 28], however, in the momentum probability distribution rather
than position.
Beyond the application in atomic and molecular physics, the conceptual issues
we have discussed also arise in the presently very active field of quantum effects in
biological systems. The question whether coherent effects play a relevant role for
biological phenomena has arisen and is under debate [389, 21, 52]. Experimental
evidence for the role of coherence in light-harvesting complexes, responsible for
the functioning of photosynthesis, was recently obtained [390, 391, 392] and has
triggered intensive research activities in theory [393, 394, 18, 17, 19, 395, 396, 397,
398]. Simultaneously, theoretical results support the idea of surviving dynamical
entanglement at room temperature in an environment prohibitive for entanglement
in static systems [20, 399, 400], which feeds the hope to encounter coherent effects in
other noisy, wet and warm systems. The importance of multipartite entanglement [18]
as well as of molecular vibrations [401] for efficient energy transport in networks was
also shown recently, and contributes to the picture that quantum effects in biology
could play an important functional role.
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All this is evidence that the fields of quantum information and of atomic and
molecular physics have only started to interact. The reason is twofold: On the
one hand, the experimental capabilities that permit to resolve and verify coherent
phenomena have only emerged recently [269], and, on the other hand, conceptual
issues inhibited the direct application of the highly abstract and idealized notions of
quantum information science to this field. First successful applications of the concepts
borrowed from quantum information yielded interesting results and new insight in the
dynamics of atoms and molecules and provided answers to fundamental questions, e.g.
regarding the delocalization and entanglement of massive particles in nature. The
study of many-particle quantum coherence in atomic and molecular physics promises
further interesting results in the next years, and will eventually lead to vital feedback
to the field of quantum information itself.
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